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^ ' In [LLl] the authors had developed a topological version of family Seiberg- 

Witten invariants. In an attempt to generalize Taubes' "SW=Gr" to families, 
it was observed that multiple coverings of exceptional curves may show up in 
the enumeration. In [Liu4] a family curve counting scheme has been proposed 
^ ' for algebraic families. In [L3] the topological/algebraic version of family blowup 

. formula was derived. In [L5] the topological/algebraic version of family switch- 

">) ' ing formula was derived. It was used in [Liul] to derive the Gottsche-Yau-Zaslow 

conjecture regarding counting of nodal curves on algebraic surfaces, including 
_ K3. 

. The derivation in [Liul] makes use of the various techniques from differential 

' topology and complex geometry as well as the technique from the theory of 

. pseudo-holomorphic curves. In the derivation the author had assumed that 

the reader is reasonably familiar with Taubes proof of "SW=Gr" . On the other 

a hand, a version of algebraic family Scibcrg-Witten invariant was defined in [Liu3] 
and its family blowup formula and switching formula was derived in [Liu3] and 
[Liu5] , respectively, based on intersection theory developed in [F] . 

Thus it is desirable to give a purely algebraic proof of the universality the- 
orem, the backbone in deriving the Gottsche-Yau-Zaslow formula, based on 
' intersection theory [F] and algebraic geometry [Ha] . 

The following universality theorem is the main theorem proved in this paper. 

Main Theorem 1 Let (5 S N denote the number of nodal singularities. Let L 
be a 56 ~ 1 very-ample line bundle on an algebraic surface M , then the number 
of 6— node nodal singular curves in a generic d dimensional linear sub-system 
of \L\ can be expressed as a universal polynomial (independent to M) of ci(L)^ , 
Ci(L) • Ci(M), ci(Af)2, C2(M) of degree 6. 
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For simplicity, we take C to be our ground field. But the same argument 
works for algebraic closed fields of characteristic zero as well. 

The term "number of (5— node nodal curves in a linear system" used here is 
the weighted number of singular algebraic curves with isolated (5— nodal singu- 
larities defined in [Got]. This concept is closed related but not always equal to 
Gromov-Witten invariant of ci(L). For their potential difference, please consult 
section 

In the following we outline the different functionalities of the various sections 
of the paper. Because the paper is a bit lengthy-involving quite a few new 
notations not widely used in the community of enumeration geometry/algebraic 
geometry, in subsection 11.11 we offer some simple advice, a notation table and 
quite a lot of footnotes, which may help the reader to get used to our notations 
and read the paper more fluently. 

In sectional we review the basic facts about the universal spaces and then 
introduce the relative-universal spaces over a base B. We also recall the concept 
of admissible graphs, admissible strata and the stratification of the (relative) 
universal spaces. To minimize the dependence on [Liul], we prove a few useful 
results which will be used in the latter sections. As a result, an admissible 
stratum can be characterized as the locus of co-existence of type / exceptional 
classes attached to it. 

In section 13 and the subsidiary subsections, we develop a technique to con- 
struct and identify the quotient bundle 'Vquot of the given obstruction vector 
bundle Wca„on|y(r)xT(M); given some datum of quotient sheaves. 

In sectional we review the residual intersection formula of top Chern classes 
[F] and develop an algebraic tool to compare the top Chern classes of vector 
bundles a : E F isomorphic off a closed subset. Under the bundle homomor- 
phism cr, a section sq of E induces a section cr(so) of F and the difference of 
their top Chern classes can be studied by the difference of their localized top 
Chern classes along the zero loci Z{sq), Z((t(so)), respectively. We find that 
after some blowing ups along loci in Z{(t{sq)) — Z{so), the top Chern class of 
the residual bundle of F has the same "numerical property" as the top Chern 
class of the pull-back of E. We achieve this goal by a graph construction in 
the projective space bundle F{E © 1). This proposition is crucial in controlling 
the seemingly "unmanageable" blowing ups and relate the modified bundle to 
better understood objects. 

The canonical cross section Scanon of the canonical algebraic obstruction 
bundle ^ H (X> ttx'^ canon defines a zero locus in X = P^V canon) which con- 
tains the sub-locus (closure) A^c-m(_e)_e Xm„ that we want to study. The 
proof of the main theorem enables us to attach an invariant to this locus. In 
section |S1 and the sub-sequential sub-sections, we initiate the proof of the main 
theorem by introducing an inductive procedure of blowing up the smooth total 
space of the canonical family algebraic Kuranishi space X = P(Vcanon)- The 
goal is to apply residual intersection theory inductively and remove all the ex- 
cess contributions. In subsection 15.21 we define the modified algebraic family 

^See definition 5.3 in [Liu3] for its definition. 
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Seiberg-Witten invariants attached to the various smooth sub-loci. We also ad- 
dress in subsection 15.31 some combinatorial questions regarding the sub-loci of 
■^c-M.{E)E- III the same sub-section, we also explain the geometric meanings 
of several partial orderings etc. which had already appeared in [Liul], 

[Liu4], [Liu5] before. 

The section is the core of the current paper. In this section, we finish up 
the proof of the main theorem. We address in subsection 16.11 some combina- 
torial questions regarding the independence of the localized top Chern classes 
to the permutations/collapsing of the blowing up orderings. We prove induc- 
tively that the various excess contributions of the algebraic family invariant 
AFSWMs+ix{tL}^Msx{tL}i^^C! -2J2i<t<sEi) can be identified with the var- 
ious modified family algebraic Seiberg-Witten invariants defined in subsection 
15.21 In subsection l6.4l we enhance Gottsche's argument slightly to get the nec- 
essary finiteness result on nodal curves that we enumerate. 

Finally in the appendix, section we offer a light-weighted comparison 
between our family invariants and the standard Gromov-Witten invariants of 
algebraic surfaces. Even though family Seiberg-Witten invariants on the univer- 
sal spaces are related to Gromov-Witten invariants of algebraic surfaces, there is 
some subtle difference between them which may cause confusion to the readers 
who are new to family Seiberg-Witten invariants. 

In this paper, we do not attempt to address the issue of identifying these 
universal polynomials in the universality theorem algebraically. The discussion 
about the relationship of the above universality theorem with Riemann-Roch 
formula along with some open problems and conjectures related to this theorem 
will be addressed in a separated note [Liu7] elsewhere. 

Finally, it is recommended to use [Liu3] , [Liu4] , [Liu5] as companions reading 
this paper. 

1.1 A Table of Our Notations 

In this paper we give an algebraic proof of the universality theorem, and most 
of our notations have already appeared in [Liul], [Liu3], [Liu4], [Liu5], etc. On 
the other hand a few new notations must be introduced in the purely algebraic 
argument of the paper. For the standard notations in algebraic geometry and 
intersection theory, the reader may consult [Ha] , [F] . In the following, we list the 
frequently used "global" ^ notations in the paper. Following the convention of 
the earlier papers [Liu3], [Liu5], a locally free sheaf of sections will be denoted 
by the calligraphic character, say Q, if and only if the corresponding algebraic 
vector bundle has been denoted by the bold character G. 

Another convention in this paper is that the variables/notations defined 
within the proof of a lemma or a proposition is viewed as a "local" variable 

^For its definition, sec the next paragraph. 
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and its "scope" is within this particular proof. We may recycle the same vari- 
able/notation in the proofs of the other lemma/proposition in a different con- 
text. On the other hand, the variables/notations declared in the definitions are 
viewed as the "global" variables. Subject to some specialization of values, their 
meanings are fixed throughout the paper. Finally, the variables/notations de- 
clared in the text of the paper are "semi-local" in the sense that their scope is the 
whole section containing the particular text. If we refer to this variable/notation 
from a different section, we will indicate to the reader the location (page) where 
it has been defined. 

The following is the list of notations widely used throughout the paper. 
Every symbol is leaded by a •. 

• adm(n)-the set of n-vertexes admissible graphs satisfying the five axioms 
starting at paged 

• adm2(n)-the subset of adm{n) consisting of fan- like admissible graphs. 
See definition El on page W7\ and fig. 4 on page El 

• C-the class in H^'^{M, Z). In this paper C is assumed to satisfy TZ^tt^ i^c) = 
n^7T^{£c) = 0. 

• C - M.{E)E-la this expression the term -'M.{E)E = - J2i<i<n T^i^i is 
interpreted as a cohomology class instead of an effective divisor. C — 'M.{E)E 
is a class of Hodge type (1,1). 

• Cp-the simplicial exceptional cone constant over Sr D Yr- 

• A(n)-the subset of adm{n) containing admissible graphs which satisfy the 
additional extremal conditions on page07| See definition on page 1471 

• Af.;-the (anti)-effective divisor in S^. i— » Y{T^^ ) which appears in the 
exact sequence relating T^^TT, (Oe^^ ® £-m(E)E) and 7?.^7f* (Oe^ (efej)- Consult 
page 1541 for more details. 

• (5-the number of nodes in the main theorem. 

• e^-the extremal generators of Cr, called type / exceptional class. 

• Ei-ihe effective exceptional divisor E^n+i in A/„+i and is viewed as the 
fiberwise divisor of Mn+i ^ M„. 

• £'a;b~the effective exceptional divisor in Af„ corresponding to the blowing 
up along the (a, 6)— th partial diagonal of M". 

• fc-the invertible sheaf over M x T{M) with ci{£c\Mx{t}) = C for V< G 
T{M). 

• '^•c-M(_E)_E~the invertible sheaf over Mn+i x T{M) corresponding to the 
cohomology class C — 'M.{E)E of Hodge type (1, 1). 

• £Cb{C_,Q)~the type / exceptional cone associated with C_ over b G M„. 
See definition 5 of [Liu4] for its definition. 

• /ra-the projection map Mn+i i— > M„. 

• /„_i;fc-the composition of the projection map fk o fk+i o • ■ • o : Af„ t-^ 
Mk. 

• T-A typical element of an admissible graph T G adm{n). See fig. 1 on 
page IHl for an example. 
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• Fei-the fan- like admissible graph attached to in which the index i is the 
only direct ascendent index and the indexes ji appearing in — Ei — "Ylij ^ji 
are the direct descendent indexes of i. See fig. 2 on page^lfor some examples. 

• 7„ or 7-the unique admissible graph of n vertexes with no one edge. 

• H and H-the hyperplane bundle and its invertible sheaf of sections on 
P(Vcanon) = Pi^canon) induccd by the hnear structure Vcanon- 

• /p-the subset of A(n) which collects all the elements smaller than F under 
the linear ordering \=. Consult page|^for its definition. 

• Jr-the reduced subset of 7r throwing away elements G Ir which are <C 
than some other element in Ir- Consult page for its definition. 

• i-^-The subset of Ir collecting all the elements in /r which are <C F. 
Consult page |731 for its definition. 

• ji-the typical direct descendent index of i. The subscript i in ji indicates 
ji is a direct descendent of i. 

• fci-the subscripts in {1, 2, ■ ■ ■ ,n} which corresponds to the indexes of type 
/ exceptional classes with ■ [C — 'M.{E)E) < 0. 

• Si-the fibration over y(Fe.) representing the universal curves of the 
type I exceptional class e^. The notation is used starting in section |3| 

• Sj-the relative minimal model of which has the fiber bundle struc- 
ture over y(FeJ. Please consult page |^ lemma [7| in subsection 13.11 for the 
construction. 

• L-an line bundle over M with first Chern class C G H^-^{M,Z). The 
bundle is assumed to be "sufficiently very ample" in this paper. 

• M-an algebraic surface with irregularity q = q{M) and geometric genus 

Pg- 

• M„-the 71— th universal space associated with M. See section |21 for its 
construction. 

• ■Mc--M(E)E and -^c-MfBiB-V e family moduli space 
associated with C—'M.{E)E and C—M.{E)E—J2ei-{c~'M{E)E)<Q respectively. 
They can be viewed as the sub-schemes Z{scanon) and ^(s°a„on) of P(Vca„on) = 

V canon / 

• M(i?)i?-the multiple covering of Ei, 'Ylii<i<n^i^i with non-increasing 
singular multiplicities < mi < TO2 < • • ■ < "Tin- 

• TT-the projection map /„ : Mn+i 1-^ Mn or its restriction to the various P^ 
fibrations Ei 1-^ 5^(FeJ or the union J2i<i ^ Y{T). 

• TT-the projection morphism S.^ 1-^ y(FeJ of the relative minimal model of 

• TTj-the projection map from Af„ to Af'^' determined by the index subset 
/C{l,2,-..,n}. 

• 7r/~the lifting of tt/ to A/„ 1-^ 

• Q;;; and Qfej-the line bundle and the corresponding invertible sheaf appear- 
ing in the short exact sequence relating 7^^ tt* (O^^ (^£--wi(e)e) and 7?.^7r» (O^j^ i^ki))- 
Consult page 1^ for more details. 

• Scanon~the Canonical section of TTpfy -^"^ canon ® H induced by the 

bundle morphism V canon ^ canon- 
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-the canonical section of TTp^^- i^lanon ® H determined by 
V° W° 

canon canon 

• 5r-the subset of A/„ over which the type / exceptional cone £Cb{C — 
'M.{E)E; Q) remains constant for & G 5r. 

• T(M)-the connected component of the Picard variety of M parametrizing 
the line bundles with first Chern class C. 

• Vcanon-the vector bundle over M„ x T{M) associated with the zero-th 
derived image sheaf 7^°7r, {Sc) ■ 

• "^canon~the vector bundle over M„ x T{M) associated with the zero-th 
derived image sheaf 7^°7r* {£c) ■ 

• Vg„ot-the quotient bundle of canon whose associated locally free sheaf 

VoMot is constructed from the torsion free summand of a coherent sheaf "R} tt, iO\^ ~ ® 

^ Z^i<,<p-'=i 

£c-tsA(e)e) ■ Consult section [3.21 definition Bl for its definition, and proposition 

|Slon page 1311 for its construction. 

• Vg„ot-a direct sum of vector bundles which is equivalent to "Vquot in the 
K group. Consult definition 01 for its definition. 

• ^ canon and Wcanon-^ canon is the cauouical obstruction bundle associ- 
ated with C — 'M.{E)E. Wcanon is the locally free sheaf associated with Vil canon- 
Consult definition 5.3 of [Liu3] for its definition. 

• "^"canon ^^^d W°anon'''^ canon i^ the cauouical obstructiou bundle associ- 
ated with C - M{E)E - J2e,-{c-M(E}E)<o ei- ^canon is the locally free sheaf 
associated with W°^„q„. Consult section 5, right in front of lemma 6, of [Liu5] 
for its definition. 

• (A'/i3)„-the n— th relative version of the universal space oi X i-^ B. X / B 
is X with " I B" to indicate that it has a fiber bundle structure over B. 

• Y{T), Y(r)-F(r) is the closure of the admissible strata Yr C M„; Y(r) is 
the relative version C {X/B)n- Consult section[5]for some of its basic properties. 

• Yp, Yr-Yp is the locally closed admissible stratum; Yr is the relative 
version C {X /B)n. Consult section [21 for some of its properties. 

• ^-a partial ordering among pairs of the form (F, J2ei-{c-M{E)E)<o '^ith 

r G A(n) which encodes the inclusion relationship of -^c-MfBiB- V e ^^^^ 

Y{r). Please consult page El for more details. 

• D-the partial ordering among pairs of the form (r, X^e ■(C-m(_e)_e)<o 
with r e A(n) which encodes the discrepancy of using W°^„q„ and s°a„on to 
replace Wcanon and Scanon- Plcasc consult page EH for more details. 

• > — a partial ordering among F G A(n) which encodes that the type I 
exceptional cone Cr gets larger under degenerations. Consult page I50l for more 
details. 

• ^-The linear ordering introduced on A(n) and therefore on Ip and Ip. 
Consult page ESI for more details. 

• h-the altered linear ordering on /r. Consult definition El for more details. 
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2 A Brief Review about the Admissible Graphs 
and Admissible Strata 



In [Liul] wc had introduced the concepts of miivcrsal spaces (see also [V]), 
admissible graphs and the admissible stratification of the universal spaces M„, 
n e N. For the convenience of the reader, we extract the basic facts about them 
in this section. 

We review the construction of M„ and review the admissible graphs and the 
admissible stratification. Then we generalize it to a relative setting and discuss 
their basic properties and the relationship with type / exceptional classes. 

Recall (consult section 3 on page 400 of [Liul] ) that the universal space Mn 
is constructed by an inductive procedure. Take Mq = pt and Mi = M. Suppose 
that Mo, Ml, M2, • • • , Mfe_i has been constructed and there are natural projec- 
tion maps Mk-i 1-^ Mfc_2 1-^ M^s ■ ■ ■ ^ pt, then define M^ to be the blowing 
up of the relative diagonal ^Mk-i/Mk--2 ■ ^^fe-i ^ Affc-i XM^^a ^'^fe-i- Then the 
natural projection map fk-i ■ Mj. 1— > M^-i is a surjection. By mathematical 
induction, the universal spaces are defined for all n e N and there are smooth 
surjective morphisms fk ■ Mk+i 1-^ Mfc for all k. As usual the composite map 
fk o fk+i o---fn- Mn+i t-^ Mfc will be denoted by fn,k- 

In [Liul] we had introduced a concept called admissible graphs. The set of 
n- vertex admissible graphs, denoted by adm{n), is the set of finite graphs with 
n vertexes and a finite number of arrowed one-edges which satisfy five axioms 
(from page 412-413 of [Liul]). 

Axiom 1: There is a 1 — 1 correspondence between the vertexes of F and the 
positive integers smaller or equal to 1. An association of this type is called a 
marking of the graph. More generally, one can mark the graph by any finite 
subset of N. If I is the index set. The graph is called I admissible. 

Axiom 2: The one-edges are oriented by arrows from the vertex marked by 
a smaller integer (called a direct ascendent) to the vertex marked by a larger 
integer (called a direct descendent). 

Axiom 3: The only loops allowed in the graph are triangles formed by the three 
vertexes. Suppose a < b < c are the three different vertexes, then b, c must be 
the direct descendents of a while a, b must be the direct ascendents of c. The 

vertexes a, b, c form a triangle. 

Axiom 4: Any vertex can have at most two direct ascendents. When a vertex has 
exactly two direct ascendents, it and its two direct ascendents form a triangular 
loop. 

Axiom 5: Suppose that two adjacent triangles share a common edge, then out 
of the four vertexes in the two triangles the ending vertex ^ of this common edge 
has exactly one direct descendent among the other three vertexes. 

^at which the cirrow points to 
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fig.l 

An admissible graph with 8 vertexes. 



The admissible graphs code the combinatorial patterns of the blowing ups. 
We usually denote a typical element in adm{n) by F. The consistency of the 
above axioms were ensured geometrically in [Liul] by constructing the corre- 
sponding admissible strata Ir 7^ explicitly. 

Definition 1 Define the codimension of an admissible graph T G adm{n), 
codimcX , to he the number of one-edges in T. 

The graph in fig.l illustrates an example of admissible graphs. 

In the set adm{n) there is a special element 7„ (or for simplicity skipping 
the subscript n and denote it by 7 if it does not cause confusion) which consists 
of n free vertexes without one-edges. By construction codimcjn — and 7„ is 
the only admissible graph in admin) which has this special property. 

The reason to introduce such a set adm{n) is because that the universal 
space M„ can be stratified by the various admissible strata Yr which have 
smooth closure Y{r) in M„, 

Proposition 1 The n—th universal space A/„ admits an admissible stratifica- 
tion Mn — IJreadm(n) ^ ^^^'^ locally closed smooth subsets Yp such that 

(i) . The closure ofYr in Mn, Yr ~ Y(T) is smooth of dimension dimcMn — 
codimc^ in Mn- 

(ii) . Y{T) can be expressed as a union of admissible strata Ir' . ^(r) = 
Ur'<r>^r'. 

r' < r indicates that Fr' appears in the compactification of Yr hito YiT) 
and is said to be a degeneration of the admissible graph F. 

This proposition was proved in proposition 4.2.-4.3. in [Liul]. In definition 
4.8. of [Liul] we had given a combinatorial characterization of the degenerations 
of the admissible graphs. 



^Consult [Liul] or below for the definition or construction of Yr (Yp). 
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Remark 1 The fibers of the fiber bundle map /„ : M„+i hh. Af„ are all n— consecutive 
blowing ups from M . Therefore the space can be interpreted as the " uni- 
versal space" parametrizing all the ordered n— consecutive pointwise blowing ups 
from M. 

Let M„ = Urga(i)n(n) be the admissible stratification of into locally 
closed strata. Then the stratum Y^^ is the only top dimensional stratum which 
parametrizes all the ordered distinct n points in M. Every distinct n points 
in M corresponds to n distinct pointwise blowing ups of M. The various Yr, 
r ^ 7n, parametrize those n— consecutive blowing ups whose blowing up centers 
may lie on the exceptional loci of the previous blowing ups. 

Let X B he a fiber bundle over a base B which is smooth of relative dimen- 
sion two. We use the notation X/B to indicate that the space X has a structure 
of fiber bundle over B. We define iX/B)o = B, iX/B)i = X/B. Suppose that 
{X / B)i, {X / B)2, ■ ■ ■ ■ {X / B)k-i have been defined and there arc natural sur- 
jective projection maps {X/B)k-i {X/B)k-2 ^ ■ ■ ■ ^ B, define {X/B)k to 
be the blowing up of the relative diagonal ^(x/b)^^i/(x/ 3)^-2 '■ {^/B)k-i ^ 
{X/B)k-i y<ix/B),_2 {X/B)k-u etc. Apparently fk-i : {X/B)k ^ {X/B)k^i 
is surjective. By mathematical induction, {X/B)n are constructed for all n G N 
such that f„ : (A'/B)„_|_i 1— > {X/B)n are smooth and surjective. 

For a given n, f„_i_o '■ {^/B)n 1-^ -B is the fiber bundle of the n— th universal 
spaces of the fibers. 

We have the following lemma relating different relative universal space con- 
structions, 

Lemma 1 For all n> k, we have the following identity 

{X/B)n/{XIB)k = {{X/B)k+r/{XIB)k)^_^. 

Proof: This can be seen by noticing that for n = A; + 1, {X /B)k+i/{X /B)i- is a 
fiber bundle projection map. So we may take X' = {X /B)k+i and B' = {X/B)k 
and {X/B)k+i/{X/B)k = {X'/B')i. Then by definition {X/B)k+2 ^ \x / B)k 
is the blowing up of the relative diagonal of {X/B)}.j^\ 'X{x/B)k {'^/B)k+i = 
iX'/B')i Xb' {X'/B')i. So we identify {X / B)k+2/{X / B)k with {X'/B')2. By 
a simple induction argument and by comparing with the above relative con- 
struction of the universal spaces, we find {X/B)^/ {X/B)^ = {X' /B')n-k for all 
n> k. Therefore we have the following identity, 

{X/B)J{X/B)k = {{X/B)k+i/iX/B)k)^_^. 

□ 

If we ignore the base space on the left hand side, we may rewrite the identity 
as iX/B)„ = {{X/B)k+i/{X/B)k)^_^. By taking B = pt and X = M, we 
recover the important special case M„ = {Mk+i/Mk)n-k- 

Lemma 2 For all n e N, there exists a canonical dominated birational map 
{X/B)n ^ x'^{X /B)i from the n — th relative universal space {X/B)n to the 
n — th fiber products of X/B. 
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Proof: The assertion is apparently true for n = 1. Suppose that the birational 
map {X /B)k ^ x^{X / B)i has been constructed, then 

{XlB)u+i ^ (A'/B)fcX(;,/B),_,(^/i?)fc ^ x|(A'/i?)iX^.-,(^/^)^x 1(^-/5)1 - -K^+\XIB), 

is a composition of dominated birational maps. By mathematical induction, 
the lemma is proved. □ 

The following proposition and its corollary are about the liftings of the pro- 
jection maps to the corresponding (relative) universal spaces. 

Proposition 2 Let n be a positive integer and Zet / C {1, 2, • • • , n} he an index 
subset. Let -Ki : (X/B)n ^ {X/B) be the composite projection map {X/B)n <—>■ 
x^{X / B) I— » X/B to the i—th direct factor and let tt/ = XieiT^i '■ {X/B)n <—>■ 
x^g(X/B) be the projection to the fiber products of \I\ copies of X/B indexed 
by the subset I. Then there exists a natural lifting of the map tt/ to {X / B)n ^ 
(A'/_B)|/| which makes the following diagram commutative, 

{X/B)r. ^ {X/B\i\ 

\ 

x\^\x/B) 

The lifted map tt/ is smooth of relative dimension 2n — 2\I\. 

Notice that the lifted map ttj is usually different from the composite projec- 
tion map {X/B)n {X /B)n_i i-^ ■ ■ ■ i-^ {X /B)^n, which corresponds to the 
lifting of a very specific /. 

Remark 2 Following remark Q the lifting map tt/ can be interpreted as the 
"forgetful" map of forgetting all the blowing ups among the sequence of n- 
consecutive blowing ups marked by indexes in {1, 2, • ■ • , n} — /. 

Proof of the proposition: When n = 1, the statement holds trivially. 

Let 2 < n G N be a positive integer such that the statement of the proposi- 
tion is known to be true for n—1, for all the X i-^ B pairs. We would like to show 
that it holds for n as well. Suppose that / = {1, 2, • • • , n}, the statement holds 
since the lifted map {X / B)n i— > {X/B)^j^ is the identity map. So let us assume 
that |/| < n. By lemmadwe may rewrite {X/B)n as {{X / B)2/ {X / B)i)n-i. 

(} We separate into two cases, (i). 1 ^ /. (ii). 1 e /. 

In the first case, the projection to the second factor tt2 : {X / B)2 ^ {X/B)i 
induces a morphism {X / B)2/{X / B)i ^ {X /B)i/pt. This morphism induces an 
morphism on the relative n — 1— th universal spaces {{X / B)2/{X / B)i)n-i 
{{X/B)i/pt)n-i = {X / B)n-i- By the assumption 1 ^ / we know that / C 
{2, 3, • • • , n}. Define a new index set /_i C {1, 2, • • • , n — 1} by subtract- 
ing 1 from all the elements of /. Then by the induction hypothesis, tt/ ^ : 
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{X/B)n-i ^ x'^ ^'(A'/i?) can be lifted to the smooth surjective morphism 
7r7_i : {X/B)n-i By composing with 

iX/B)„ ^ ((A'/B)2/(A'/B)i)„_i ^ ((A'/B)iM)„_i ^ WB)„_i, 

we get the desired hfting from (A:'/B)„ = {{X / 6)2/ (X / B))„-i >-> x^g-'^{X/B) = 

x^g\x/B) to {XlB)n ^ {X/B)\i_^\ = (-^/S)!/!- The hfted surjective map is 
apparently smooth because all the composite factors of maps are smooth and 
surjective. 

In the second case when 1 G /, we construct an new index set by 
subtracting all elements in / — {1} by 1, then C {1, 2, • • • , n — 1} and 
we have = \I\ — 1. We define a new fiber bundle X' 1-^ B' smooth of 

relative dimension two by setting X' = {X / B)2, B' — {X/B)i. Then we may 
rewrite {X/B)„ as {{X / B)2/{X / B)i)n^i = {X'/B')„-i. By the induction 

hypothesis, the map t:'j, : {X' / B')n-i 1-^ x^^y''^ {X' / B') can be lifted to tt^, : 

On the other hand \ = \I\ — 1, we realize by using lemma ^ again that 

J - i^'/B'U-i = {{X/B)2/{X/B),)^j^_, - - 

Then the lifted maps from {X/B)^ = (A"/B')„-i to = (<Y/B)|/| 

is the desired lifting map frj. By inductive hypothesis, it is smooth and surjec- 
tive. 

Based on mathematical induction, the existence of the lifting is proved. Fi- 
nally the assertion about the relative dimension 2n — 2|/| is by a direct compar- 
ison of the dimensions of the source and the target. □ 

Corollary 1 Let tt.; : Af„ ^ M, 1 < i < n denote the projection to the i^th 
copy of M . Let nj = Xi^jiTi : M„ M^-^^ is the projection to the \L\-Cartesian 
product of M indexed by I. 

Then there exists a unique surjective and smooth lifting tt/ : Af„ ^ 
which makes the following diagram commutative, 

Mn ^ M\i\ 

■ 1 

The map tt/ is of relative dimension 2n — 2|/|. 

Proof: By taking M = X 1-^ B = pt in the proposition |21 the corollary is a 
direct consequence of proposition |2 □ 

Given an n G N, one may prove inductively (see lemma 3.1 and proposition 
3.1 on pages 401-402 of [Liul]) that the birational map Mn+i A/ x Af„ can 
be factorized into n codimension-two blowing ups along the cross sections of the 
intermediate fiber bundles /*_]^ i^'h+i ^ Mn induced by the relative diagonals 
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Mj+i ^ Mi+i X -^i+i- As a consequence, M„ can be blown up from M" 
by "*'"2~"'"^ consecutive codimension-two blowing ups along the partial diagonals. 
Our convention in this paper is that Ea-i,, 1 < a < b < n denote the (pull-back 
of) the exceptional divisor blown up from the strict transforms of the (a, 6)— th 
partial diagonals. Under this convention, the n distinct exceptional divisors, 
Ei:n+i, E2-n+i, ' ' ' , En;n+i of thc fibcr buudlc /„ : Mn+i ^ Mn are denoted 
by -©2, • • • , En respectively. They will play a special role in this paper. 

Let r be an admissible graph e ad'm{n), then one may attach n distinct 
type / exceptional classes Ci, 1 < i < n, to T. Given an index i, with 1 < i < n, 
let the indexes ji run through all the direct descendents oi i in F. Then Ci = 
Ei — Ej. is the i— th type / exceptional class attached to F. We set • ej 
to be the fiberwise intersection number of the classes and Cj . 

The following proposition will be used frequently in this paper. 

Proposition 3 For 1 < i < n let Ji be an index subset o/{l, 2, • ■ • , n} satisfying 
inf(Ji) > i. Let ei, 62, • ■ • , e„ be n divisor classes of the form Ei — J2jeJi ^J- 
Suppose that ei, 62, • • ■ , e„ satisfy the condition ea • ef, > for all a ^ b. Then 
there exists an admissible graph F G adm{n) such that ei, 62, 63, • • • , e„ are the 
type I exceptional classes associated with F. 

In other words, the locus Y{r) C A/„ is the locus of co-existence over which 
ei, 62, • ■ ■ , e„ become effective. Please see fig. 3 on page I16| for an example that 
F is recovered from the fan- like graphs associated with these e^. 
Proof: The proposition is proved by an induction argument on n. The base 
case n = 1 is trivial. Suppose that the proposition has been proved for n — 1, 
we would like to prove the existence of such a F G adm{n) for n. Given n 
vertexes, construct the graph F by the following rule: Given an i < n, connect 
an oriented edge from i to any j > i \i j £ Ji, i.e. if the term —Ej appears 
in the class e^. We show that F is an admissible graph, i.e. it satisfies the five 
axioms characterizing admissible graphs. 

Firstly we shift all the indexes by —1 temporally and denote the new graph 
marked by the shifted indexes {0, 1,2, — 1} as F. It is easy to see that 
F is admissible with respect to {1, 2, ■ • • , n} iff F is admissible ^ with respect 
to the shifted index set {0, 1, • • • ,n — 1}. Define : Z Z by the formula 
(j){i) =1 — 1. Define Ji = 0( J^+i) for i e {0, 1, 2, • • • , n — 1}. Likewise define 
Ei = Ei+i. Define accordingly Ci = Ei — ^j- It is clear that ei = Ci+i 

for < « < n — 1 and their mutual intersection pairings are still non-negative. 

Thus by our induction hypothesis, the classes ^ ei, 62, • • • , e„_i satisfy ii-ej = 
ej+i • e^+i > for i ^ j. So there exists an admissible graph F' £ adm{n — 1) 
such that Ci, • • ■ , e„_i are the type / exceptional classes associated to F'. And 
by the inductive construction F' is constructed by the datum of ei, • ■ • , e„_i the 
same way we construct F (and F). So it is clear that F' is a sub-graph of F 
by removing the 0— th vertex and all the arrowed edges starting from it. That 

^relaxing the constraint on the index set. 
^Notice that the class eo is excluded here. 
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is because cq is not used in constructing T' . Our inductive assumption implies 
that this sub-graph F' of T is admissible (with respect to{l,2,---,n — 1}). 

Our final task is to show the admissibility of the whole T. Among the five 
axioms which characterize admissible graphs, the axiom 1. and axiom 2. are 
satisfied trivially by construction. 

To show that axioms 3., 4., 5., are satisfied, we prove by contradiction. 

<0 About axiom 3.: if there is a polygonal loop in F which is not a trian- 
gle, we may choose a polygonal loop of vertexes involving the least number of 
vertexes/ edges. Firstly, this 'exotic loop' cannot locate completely within F' 
because F' has been known to be admissible, so axiom 3 for F' rules out this 
possibility. So the vertex marked by must be within this loop. Consider the 
vertex v marked by the largest integer q along the loop. It must be located in 
F' because q ^ 0. On the other hand, the loop passes through v means that 
there are two edges ending at v (because the arrows of the edges always point 
to vertexes marked by the larger integers). 

If both direct ascendents vi, V2 of v are not marked by 0, they are vertexes 
in F' as well and by the admissibility of F', axiom 4. for F' implies that v, 
Vi,V2 form a triangle. This implies that we can shorten the loop by replacing 
the oriented edges vjt and v^j by the single edge ViV2 (or v^vi, depending on 
which vertex is marked by a larger integer). This violates the assumption that 
the loop involves the least number of vertexes/edges! 

If one of the two direct ascendents vi,V2 of f, say vi, is marked by 0, as- 
sume that V2 is marked by p, with 1 < p < n — 1. Then q € Jp and q G Jq 
simultaneously. 

On the other hand, we have assumed that eo-Cp > 0. As {—EqY' contributes 
— 1 to the intersection number, there must be a positive counter- term which 
makes the intersection number non-negative. This only occurs when p & Jo and 
(Ep) ■ {~Eq) = 1 contributes positively to the sum. But this implies that the 
edges linking vi,V2,v already form a triangle and it is not a polygonal loop. 

In any case, the axiom 3. holds for F. 

<0 About axiom 4., suppose that a vertex in F has more than two direct 
ascendents in F. Then we randomly pick three of them, say vi^v^iV^ (marked 
by Pi <P2 <P3, respectively), and derive a contradiction. 

Because q S Jp^ H Jp^ H Jp,,, by the same argument in checking axiom 3., 
Cpi • > 0, • > 0, and ip^ ■ ip^ > force V2,V3 to be the direct 
descendents of vi while vs is forced to be a direct descendent of V2- Having 
made such an observation, we recalculate Cp^ • Cp^ again. Because P2 G Jpi , but 
{Ps^q} C n Jp2. This implies that 

< gp, • gp, < i-Ep,) ■ Ep, + {-Ep,f + {-Egf = -1< 0. 

This is absurd! Thus v can have at most two direct descendents in F. 

When V has exactly two direct ascendents vi , V2 marked by pi < P2, ■p2 > 
and q G Jp^ fl Jp, imply that V2 is also a direct descendent of vi and vi,V2,v 
form a triangle in F. So the axiom 4. is satisfied. 
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•0 Finally about axiom 5.: Suppose that two adjacent triangles are sharing a 
common one-edge. Let vi and v be the starting and the ending vertexes of the 
one-edge. Suppose that V2, V3 are the other two vertexes in these two triangles, 
let PitP2tP3 and q mark the vertexes vi, V2, W3 and v, respectively. Because v 
are in both of the triangles, there must be two different one-edges linking v and 
V2-, V and V3, respectively. There are three exclusive possibilities. Either 

(i) . both V2, V3 are the direct ascendents of v. 

(ii) . One of them, say V2, is the direct ascendent of v and the other vertex 
V3 is the direct descendent of v. 

(iii) . Both of V2 and ^3 are direct descendents of v. 

If the possibility (i) holds, then v has at least three direct ascendents in T 
and this violates axiom 4 for F, which we have proved already. 

If the possibility (iii). holds, then we argue V2,V3 are the direct descendent 
of vi as well. 

By our assumption on the existence of adjacent triangles, there must be 
one-edges between vi,V2 and vi,V3. But v is already known to be a direct 
descendent of vi. If V2,V3 are known to be the direct descendents of v, then vi 
cannot be a direct descendent of either V2 or V3. So the arrows of the oriented 
one-edges must go from vi to V2 and W3, respectively. Then V2,V3 must be the 
direct descendents of vi . 

Now the vertex vi has at least three direct descendents V2 , and v while 
the vertex v has at least two direct descendents W2 , f 3 . 

This implies that {p2,P3} C Jp^ CiJq and a direct calculation on e^j -Cq shows 
that 

< ep, • e, < i-Eg) ■ (Eg) + {-Ep,f + {-Ep,f = 1 - 1 - 1 = -1< 0. 

A contradiction to our assumption! So the only possibility is [ii) and exactly 
one of V2 or can be the direct descendent of v. 

As F satisfies all five axioms, it is admissible with respect to the marking 
{0, 1, 2, • • • , n—1}. Thus the original F is admissible with respect to {1, 2, • • • , n}. 

So F G ad'm{n). □ 

Conversely for all F £ adm{n) the smooth and closed set Y{r) C M„ can 
be identified to be the transversal intersection ni<i<ni^(FeJ, where Fg. is the 
fan-like admissible graph G adm{n) such that (i). the vertex marked by i is the 
only direct ascendent among the n vertexes. (ii). The direct descendents of the 
vertex marked by i are the direct descendent indexes of i in F. Thus Y{T) can 
be viewed as the locus over which all the type / exceptional classes ei,l < i < n 
are simultaneously effective along the fibers of Mn+i ^-^ M„. The result has 
been proved in proposition 4.7. of [Liul], using slightly different terminologies 
in terms of pseudo-holomorphic curves. 

The graphs in fig. 2 are the fan-like sub-graphs from fig.l on page|Sl 
For the ease of the reader with algebraic geometric background, we give 
an alternative relative construction of Y{T) which makes the above property 
manifest. 
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fig.2 

The fan- like subgraphs Te-^ , and of the admissible graph F in fig. 1 . 

Let {X / B)n be the n— th relative universal space over B. The fiber of 
{X/B)n over h € B \s nothing but the n— th universal space of the fiber of 
X/B above h. 

By lemma^lwe have the following canonical isomorphism [{X / B)ij^i / {X / B)i) 
{X/B)n for each i < n. Thus we may set B'^ = {X/B)i for all i and there is 
a surjection {X/B)n ^ x^T^ {{X / B)i+i / B'j) to the n - i— fold fiber product of 
iX/B),+i over B'^. 

Parallel to the absolute version, for all T G adm{n) we may define the relative 
admissible strata Yp (or the closure Y(r)) ^ to be the union of fiberwise Fp (or 
F(r)) over« B. 

By the previous inductive construction on the relative universal spaces, 
{X / B)i+il B[ is the blowing up of the relative diagonal /^b'./b'. ^ '■ B[ ^ 
Bl Xb' ^ B[. Let Di B[ with Di C {X / B)i+i denote the blown up ex- 
ceptional divisor in {X /B)i+i, which has a structure of bundle over B'^. Let 
Ji denote the set of direct descendent indexes of i in P. Let s = \Ji\ be the 
cardinality of Ji, the number of direct descendents of i in T^. . The number s is 
also equal to codimcT ^.^ . 

The inclusion of the fiber bundle Di/ B[ ^ {X / B)ij^i/ B[ induces the canon- 
ical map on the | J^j— th relative universal spaces, 

(A/BDu.l {{XlB\+,/B[)y,^\ - ('^/S)|J.|+- 

However, the fiber bundle Di i— » B'i is smooth of relative dimension one. So 
by a direct check we find (using the fact the codimension one blowing ups are 
trivial) {Di/ B'j)s = Xg,Di, the s-fold fiber product of Di over B'^. On the other 
hand, propositionElimplies that for X'/B'i = {X/B),+i/B[, ttj, : {X'/B[)y,^, ^ 
x^g!^ {X' / B'i) can be lifted to a smooth and surjective map ttj. : {X' / Bi)n-i '-^ 

{X' / B[)\j.\. Moreover, the isomorphism {X/B)n — ^ {{X / B)i^i / B[)n-i allows 

'''Here we use bold Y to denote the relative versions of Yr or Y{V) 

*See remark |3] for an outline of an alternative inductive definition after proposition El 
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us to view the i/'i n pre-image of the relative ^ Y^^_ . over B'^ as a subset of 

We have the following characterization of Y(reJ and Yr^. , 

Lemma 3 The closed suhspace^iVei) C {X/B)n, smooth of codimensioncodimcTe, 
in (X/B)n: is the pre-image of Xg,Di C {{X /B)i^i/Bl)\j.\ under fcj^ . Like- 
wise the locally closed subset Yr^. C Y(reJ can be identified with Y(re. ) n 

Proof: For all b € B, hy remark^we know that (Af,)„ parametrizes all the or- 
dered n— consecutive pointwise blowing ups of Xf,. Given the fan-like admissible 
graph Fg. , an ordered n— consecutive blowing ups from Xf, lies in the fiberwise 
F(FeJ of {X/B)n ^ B above & G i? iff all the ki,k2, - ■ ■ yh-th blown up 
points, ki G Ji, 1 < I < s = codimcT Si — \Ji\, lie above the exceptional of 
the i— th blown up point. Over the relative i— th universal space {X / B)i which 
parametrizes the first i— th blowing ups in the B family, the union of the i—th ex- 
ceptional forms a fiber bundle, which is nothing but Di i-^ {X / B)i introduced 
above. On the one hand all the fci, A:2, ■ • • , fcs— th blown up points are allowed to 

TT 7. 

move on the fibers of Di freely. This implies that Y(Fe; ) — ^ ^\x/B) -^i must be 
surjective. On the other hand, for all j > i which are not the direct descendent 
indexes of i, the j— th blowing up centers within the n— consecutive pointwise 
blowing ups are not restricted at all. Therefore Y(Fe. ) can be identified with 

Inside this smooth space Y(Fe.), the sub- locus Yr^. corresponds to the 
set of all the n— consecutive blowing ups from Xj, above all 6 G i? such that 
it is in the fiberwise Y{Te.) and none of blowing ups marked by {z -I- l,z -I- 
2,---n} lie above the exceptional loci of one another. Thus the space Yr^. 
must map into the relative Y^^_. over B'^ — {X / B)i under ipi^n '■ {X / B)n 1-^ 
(^{X / B)i^i/{X / B)i^ as the space Y^^_; parametrizes all the disjoint last n— 
i—th consecutive blowing ups of the family {X / B)i^i/ B[ of algebraic surfaces. 
Thus Yr,^ = Y(Fe,) n V'Ci(Y(7n-»)) is locally closed. □ 

By a direct calculation, codimcX being the number of direct descen- 

dents of Fe^, is also equal to the negation of dcriei) = — — 
This implies that the existence locus C {X/B)n of the fiberwise class e.^ G 
A.{{X / B)n+i / {X / B)n) (over which becomes effective along the fibers) is 
smooth of the expected dimension dimc{X / B)n) -\- dcTiei)- Moreover Yr^. is 
the locus over which the type / class is effective and irreducible/smooth in 
the fibers of {X/B)n+i ^ (A'/B)„. 

The following proposition characterizes Y(F) in terms of the fan- like graphs 
Fg; and can be viewed as the converse of proposition 13 

Proposition 4 Let F G adm{n) be an n— vertex admissible graph. The smooth 
and closed subspace Y(F) C {X / B)n of codimcT can be identified with the 

^Prom the subscript of -fn—i, one should be able to distinguish Y(7n) C {X/B)n over B 
and Y^„_, C {(X/B),+i/B[)^_^ over B[ = (X/B),. 
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regular intersection ni<j<„Y(re. ). Likewise the locally closed smooth subspace 
Yr C Y(r) is equal to the intersection ni<i<„Yr^. . 

Proof: 

(} Auxiliary Statement: Let K C {1, 2, • • ■ , n} be an index subset. We claim 
that the restricted lifted mapping ttk ■ Y(r) {X / B)\k\ (or its restriction to 
the subspace Y(r)) maps smoothly onto Y{Tk) C {X/B)\x\ (or '^(^k), for 
an admissible Tk G adm{\K\) characterized as the following: Firstly, the map 
ttk induces an ordering preserving bijection (j>K : ^ '-^ [1, 2, • • • , \K\] between 
index sets. Then the type / exceptional cycle classes et,! < i < n along the 
fibers of {X /B)n+i X(^x/b)„ Y(r) i-^ Y(r) are pushed-forward to fiberwise cycle 
classes of {X / B)\x\+i ^ {-^ I B)\k\ by the following rule: The 0, i ^ X; 

but e, 1-^ for i ^ K. Those are constructed from e,, i G K, by 

the following substitutions: A.{{X/B)n+i) 3 Ea ^ E^^^a) e A.{{X / B)\k\+i), 
a ^ K, and Ea ^ 0, a ^ K . By a simple calculation based on the substitution 
rules we find that ef-ef> e^-i^^j • e^-i^^-, > for all i ^ j, i, j G [1, • • ■ , |-fir|]. 
Then the desired Tk G adm{\K\) is constructed from the collection of classes 
ej^7 1 < J < \K\, by applying proposition |3 

We prove the proposition along with the auxiliary statement <) based on 
induction arguments on n. 

For n = I, there is only one admissible graph F = 71 e adm{l) and the 
proofs of both the statements are trivial. Suppose that the statements have 
been proved for all the pairs X B for the natural numbers < n, we prove 
them for n + 1. 

Let F G adm{n + 1) be an n + 1-vertex admissible graph. As in the proof of 
proposition O we subtract all the indexes by —1 and denote the resulting graph 
by F. Then as before the subgraph F', marked by {1, 2, • • • , n}, is an admissible 
graph G adm{n) in the usual sense. 
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By lemmanwe have {X /B)nj^i = {{X / 3)2/ {X / B)i) ^. Over the base space 
X /B the locus Y(r') defines a closed subset of the relative n— th universal space 
of {X/B)2 ^ {X/B)i, {X/B)n+i/{X/B)i. By induction hypothesis, we may 
assume Y(r') = ni<i<„Y(rg, ) to be a regular intersection. The class e'jV'^, 

are the type / exceptional classes/fan-like admissible graphs associated with the 
vertexes of T' . On the other hand, V is the subgraph of F removing the 0— th 
vertex and all the arrowed one-edges starting from '0'. So e[ — Ci and F^, — Fg. 
for 1 < i < n. As before we define Jo to be the set of all direct descendent 
indexes of '0' in f. By lemmaEl Y(fgJ C {{X / 3)2/ {X / B)i) ^ = {X/B),,+i is 

smooth of codimension codirricTeai the pre-image of >^'(°^/^y^^''^' Dq under t!'~^^ ■ 
Consider the admissible graph Fj^ = Tj^ £ adm(|Jo|)i constructed by the 
recipe at the beginning of our proof. We claim that it must be a finite union of 
linear chains This is equivalent to say that all the type / exceptional classes 
associated to T'j^ are either —1 or —2 classes. If there is a —k class (with fc > 2) 
among the type / exceptional classes of F , then there is an index a with more 
than one direct descendent in Fj^. By the construction of Fj^ = Fj^ from F, 
it implies that (j)j^{a) G Jo and share more than one direct descendent in Jo. 
However, this would imply cq ■ < —1 < 0, violating the non-negativity 

of the intersection numbers between distinct type / exceptional classes. 

By the inductive assumption on the auxiliary statement <C>, we know that 
Y(F') is a smooth fibration over Y(Fj^) under frj^. 

Because the chain-like nature of F;;^,, ^i^'.Jx ^(^x/Bh/(x/B)^) ^ (><Ss)i^o) 

is the codimcTj^ partial diagonal of the (P^)!-^"! bundle X(^/b)i^o (i-e. de- 
manding that the coordinates marked by indexes within the same connected 
component of the chain Fj^ to be equal). And therefore it is a regular in- 
tersection (of codimension codimc^o) in £^nd is of codimension 
I Jol = codimcT'j^ in Y(F'jJ. 

Then by the fact that Y(fg„) is the inverse image of under ttj^, 

the fiber product (also the pull-back of the smooth fibration Y(F') 1-^ Y(Fj^) 

) X((;./BW(./.)0 (x(J/B).^o) = Y(F')nY(f,J .no<.<„Y(f,J 

is irreducible, smooth of codimension coo?imcY(F') + | Jol = codimcY{T') + 
codimctso = codimcY{f) = codimcT in iX/B)„+i = {{X / B)2/iX / B)i) ^. 

Correspondingly by a similar inductive argument the locally closed Yp is 
equal to Yp' nYp = no<i<„Yp_ , a Zariski dense subset of Y(r) and therefore 

a locally closed subset of {X / B)n+i- 

By adding 1 back to all the indexes, we find that Y(F) = Y(F) is an 
irreducible regular intersection ni<i<„+i Y(Fe. ) of codimension corfimcF in 

^"Refer to fig. 4 on page I47l for an example. 

^^By a similar calculation as was performed in the proof of proposition!^ 
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{X /B)n+i and Yr = ni<i<„+iYr^. is an open subset of Y(r). So we have 
proved the proposition for n + 1. 

Now let us prove the auxihary statement <0> on the smoothness of the re- 
stricted morphism ttk- Let K be an index subset of {l,2,---,n+l}. We 
show that TTx : Y(r) ^ {X/B)\}^\ maps smoothly onto Y(rA')5 for the Tk G 
adm{\K\) constructed earlier. 

Firstly, if K = {1, ■ ■ ■ ,n + 1} itself, then Tk — T itself and the map is an 
isomorphism. From now on we may assume \K\ < n. Denote I — {1, 2, • • • , n}. 
By induction hypothesis Y(r/) maps onto Y(TKni) smoothly under frKni and 
we have the following commutative diagram, 

Y(r) C {X/B),,+i ^ {X/B)\K\ 3 Y{Vk) 

■ifi 

Y(r,) C {X/Bl, {XlB)\Kni\ ^ Y(rKn/) 

It is easy to see that F/ e adm{n) can be viewed as the admissible sub- graph 
^'^ formed by restricting to the first n vertexes (and the one-edges between them) 
of F. Then by remark^the forgetful map (i.e. forgetting the last index n -I- 1) 
TT/ : Y(F) I— > Y(F/) is smooth of relative dimension zero (i.e. isomorphic), 
dimension one (a bundle), or dimension two^^, depending on whether n + 1 
has two, one or no direct ascendent (s) in /. Thus the map is smooth. 

The smoothness of ffK '■ Y(F) ^ Y(Fx) follows from the smoothness of both 
Y(F/) ^ Y(Fxn/) (by the induction hypothesis) and Y(F) i-^ Y(F7), and the 
commutativity of the above diagram. The surjectivity of the map ttk ■ Y(F) i-^- 
Y(F/f) follows from the fact that all the fiberwise smooth and irreducible 
type / exceptional curves over Yp are mapped to smooth and irreducible type 
1 curves (or points) dual to ef,l < i < \K\ under {X / B)„+i/ {X / B)^ ^ 
{X /B)^K\+i/ {X / B)^x\- By the induction hypothesis of the proposition, Yr^ 
has been the locus over which the type / curves representing ef - , 1 < i < \K\ 
co-exist as smooth curves. As Yr Yr^ is onto, the closure Y(F) has to 
be mapped onto the closure Y{Tk) = Y(Fj^). So the inductive proof of the 
auxiliary statement <0> has been complete. □ 

Remark 3 If we desire to minimize the dependence to the reference [Liul], one 
may take an alternative route. One may turn lemma and proposition ^ into 
constructions /definitions and use them to define the relative admissible strata 
Y(Fe.); Yr^. , Y(F) and Yr, etc. Then one may deduce all the basic properties 
from them. At the end we may take B — pt to recover the usual Y{T) and Yp 
as a special case. 



i^It was denoted by r(-l) in [Liul]. 

^''If necessary, please consult the inductive construction of Y(r) on page 418-419 of [Liul] 
for more details, in that construction, a dependence of the fiber bundle structure upon the 
number of direct ascendents of n -|- 1 was discussed in more details. 

^■^which can be checked directly. 
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Remark 4 We have remarked that the locus Y{Tei) C A£„ is the smooth lo- 
cus over which the type I exceptional class becomes effective. So Y{T) = 
(^i<i<nY{Tei) is the locus ovGT which all the 61, 62, ■ ■ ■ 7 Cn become effective. 
Likewise, Yp C ^(r) C M„ is the locally closed locus over which the classes 
ei, e2, • ■ ■ , e„ co-exist as smooth and irreducible type I exceptional curves. 

Remark 5 In the intersection ni<i<„K(re;), we may ignore all the i such that 
ef = — 1 . Because each of such e-i = Ei is a — 1 class, the corresponding i has 
no direct descendent in Fg. . We have T^. — 7„ and Y{Tf^.) — Y('y„) — Af„. So 
the intersection with these Y{Tf^.) can be skipped. 

From now on we will make use of this simple observation implicitly. In the 
latter sections, we will use proposition^frequently and view Y{T) as the locus of 
co-existence of all the type / exceptional classes ei, over which they all become 
effective. 

3 The Construction of the Quotient Bundle Based 
on the Fibrations of Universal Curves 

In this section, let F € adm{n) be an n-vertex admissible graph and let ^(F) 
be the closure of the admissible stratum associated to F, as was described in 
section|2 Let M^+i Xm„ Y{r) Y{T) be the fiber bundle of algebraic surfaces 
over Y{T) induced by M„+i i— > M„ through the pull-back map of ^(F) C M„. 
Let ei, 62, • • • , e„ denote the type / exceptional classes associated to Y(r). As 
usual, we let Cki , e/c^, e^j, •,€/!;.,•••, e^^, ki < k2 < ■ ■ ■ kp, 1 < i < p, denote the 
type / exceptional classes which pair negatively with C — 'M.{E)E. Because each 
Ci is effective and is represented by a unique curve over each point of Y(Tei), 
the notation Ei i-^ ^(LeJ has been used in [Liul], [Liu3], [Liu5] to denote 
the fibration (embedded in the fiber bundle Mn+i x m „ Y{Tei) i-^ Y{Tei)) 
representing the universal curves of . 

In section 5, proposition 9 of [Liu5], we had analyzed the canonical algebraic 
family Kuranishi models of two classes C — M.{E)E — J2e -{c-M{E)E)<o^i ^^'^ 

C-M{E)E, ($V=_„„Wo_„„ , V°,„„„, W°,„„„) and ($V.„„„„W.„„„ , Vcanon, Wcanon) 

under the assumption^^ that TZ^Tr^(^£c) = TZ^tt^^Sc) = 0. 

We know V°„„o„ = Vcarion but >V°„„o„ and Wcanon differ from each other. 
In fact we have the four term exact sequence 

^ 7^°7^,(C'y- H ®fc-M(iJ)£;) ^ V^canon ^ V^canon ^ 7^ V* (Oy- 5^ . ®f C-M(iJ)ij) ^ 0. 

/l<i<p i /l<i<p ^ 

^^We will assume that these conditions hold for the class C throughout the paper, 
^^by proposition 9 of [Liu5]. 
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In particular their difference in the K group of PiV canon) x m„ can be 
represented by 7^l7r* (Oy- <X)fc-M(£;)£;) -^"7r*(Cy h^^. ®'S^c-m(£;)£;)- 

Because the canonical sections s°£(„o„ and Scanon and the H— twisted bundle 
map7r5,W°„„„„(g)H|xxM„y(r) ^ '^*x^ canon®^\x-KM„Y{T) overXxM„>"(r) = 
P(Vca„on) X A/„ ^^(r) pl^Y important roles in the paper, it is vital for us to study 
the map canon ' — ^ canon ill morc details. 

The fibration Ei ^ Y{TcJ may have singular fibers which are trees of 
curves. Despite that the invertible sheaf Os^, {—'M.{E)E) is of negative relative 
degree along Sfc. i-^ Y^Te^^. ), the kernel vector spaces 7^°7r* (Cy^ (— M(_E)_E)(g) 

£c ® k(jj)) may not always be the zero vector spaces and the canonical bundle 
map canon ^ canon may fail to be injective over some sub-locus of Y{T). 

It is the goal of this section to construct an algebraic quotient bundle 'Vquot '—^ 
PCV canon) XM„Y{r) of Wcanon | Y(r) xT(M) ofrank^^ -P+J2i<i<p ek,i-'^{E)E- 
Si<j<i<p ^fej) ^^'^ identify its total Chern class exphcitly. 

To construct Vquot, we consider the torsion free part of the coherent sheaf 

n^TT^ {Oj2 H,. (-M(£;)£;) (g) £c) and show that, 

Claim: The torsion free part of the first right derived image sheaf 7^l7r*(0^ ^^{~M.{E)E)i. 

£c) is locally free. 

The proof of the claim will appear in section \'i . 21 proposition 151 

Once we know that the torsion free sheaf is locally free, we denote it by Vquot 
and the corresponding vector bundle is our desired Vquot ■ 

The key idea for the explicit determination of its Chern classes is to consider 
the relative minimal model of Ei (see proposition 5.1 on page 442 of [Liul]), 
which has a structure of bundle over Y{Tei). The P^ fibration i-^ YiTa) 
can be viewed as some consecutive blowing up from along some codimension 
two sub- loci determined by the graph T. 

From the brief discussion in subsection 13.0. ll below on the torsion free quo- 
tient, we know that there is a canonical surjection, 



tor free — Vquot 



7^V,(c'^ (-M (£;)£;) ®£c) ^ ■^^ {-m.{e)e)®£c)) 

By composing with the surjective sheaf morphism Wcanon\Y(T)y.T(M) ^ 
n^n^iPY {-M{E)E) (g) £c), we get the surjection >Vcano«|y(r)xT(M) '-^ 

Vquot- Because both sheaves are locally free^^, we have the vector bundle short 
exact sequence over Y(r) x T(M), ^ W^a«on ^ ^canon\Y(r)xT{M) ^ 
Vquot ^ 0, where W^Q„o„ is defined to be the kernel bundle ofWcanon\Y{r)xT(M) 

V quot ■ 

Definition 2 Define W^^^^,, to be the kernel bundle ofWcanon\Y{r)xT(M) 
Vquot 1-^ 0. 



^^By applying curve Riemann-Roch to the fibers of ^2i<i<p ^I'i' 

^^Even though it is possible to determine the sub-loci, the explicit form of this loci is not 
crucial to us. 

^^by the claim above. 
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Remark 6 This short exact sequence will plays an essential role in our proof 
of the main theorem in section\^ 

Because the composition W°^„„„|y(r)xT(A4') '-^ Wca„on|F(r)xT(M) '-^ ^quot 
is the zero map, W°„„on|y(r) xT(m) ^ ^ canon\Y(T)-KT{M) factors through the 
kernel YLcanon and, 

Lemma 4 The induced bundle map '^canon\Y(T)xT(M) ^ ^^canon injective 
over a Zariski open subset U = Yr x T{M) of Y{T) x T{M). 

Proof of lemma 0] The kernel spaces 
y G y(r) X T(M), of W°,„„Jy(r)xT(Af) 

'r ^ ca7ion |Y(r)xr(M) (see proposition 
9 of [Liu5]) is supported "away" from the open dense subset YrxT{M) C Y(r) x 
T{M) over which the fibrations i-^ ^(r) are smooth and irreducible for all 
1 <i <p. Since the fibers of the restricted fibrations S^. Xyir )Yy ^Yy,\ < 
i < p, remain smooth and irreducible throughout Yr x T{M), the vanishing of 
TZ^TT^^lOsp _ (X)£c'-M(£;)£;) |yrxT(Af) is due to the negative relative degrees 

of the invertible Sc~'M{e)e on all the S^^, i.e. e^. • (C — M(£')£') < 0. So 
Te^TrJOv- ^ £c^mE)E) is a torsion sheaf ^" over Y(r) x T{M). 

On the other hand, the sheaf map yVcanon\Y{r)xT{M) '-^ Wcanon|y(r)xT(A/) 
factors through the intermediate W canon- the sheaf morphism W°q„o„ 
}V canon is injcctive over Fr x T{M). □ 



3.0.1 A Short Remark about the Torsion Free Sub-sheaves 

Let T he a coherent sheaf over a smooth and connected scheme Y. Let U = 
Spec{R) be an affine open subspace of Y. Then R is an integral domain and 
let K denote the field of fractions. Over U the coherent sheaf J- is the sheaf 
associated to a finite i?-module N. Recall that (e.g [Fr]) the generic rank of 
is defined to be the rank of N iS)r K. 

Define T* = TLOAAqy (-^i ^y) to be the dual sheaf. Then there is a natural 
morphism T i-^ JT**. Define T tor free, to be the image of T in JF**, and it is a 
torsion free sheaf. 

On the other hand by corollary 21 on page 44 of [Fr] we have the following 
short exact sequence, 

I > J~ tor ' *■ .F I > J' tor free ' ^ Oj 

where the cokernel Ttor is the torsion sub-sheaf of J- over Y . From now on, 
we call J-torfree the torsion free quotient (part) of J-. 

In general the inclusion Ttor free C !F** is not always an equality. A torsion 
free sheaf !F = J-** under the injection is called a reflexive sheaf. It is well 
known that locally free sheaves are reflexive. 

^''As it is a torsion sub-sheaf of a locally free sheaf, it vanishes. But the sheaf injection 
"^canon Wcanon does not induce a bundle injection, because generally speaking (S>k{y) is 
not left-exact. 
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Lemma 5 Let Y he a reduced, smooth and connected scheme. Let J- he coherent 
and let £ he locally free such that generic rank of J-'— rank of £ . Let T ^ £ ^ Q 
he a sheaf surjection, then Ttorfree — £■ 

Proof of lemma |5j Consider the following commutative diagram, 

T — > £ — > 

The surjectivity of £ ^ £** implies that the image of J- in JF**, J-torfree, 
maps sm'jectively onto £** . Because Ttorfree and £** are of the same generic 
rank, the kernel of Ttorfree ^ £** '-^ has to be a torsion sheaf. But a torsion 
sheaf can never maps injectively into a torsion free sheaf Ttorfree- So it must 
vanish and Ttorfree — £** and therefore Ttorfree is isomorphic to £ itself. □ 

In other words, £ is isomorphic to the torsion free quotient of J-. 

Lemma 6 Let Y he a smooth, connected and reduced scheme. Let T he coherent 
and let £ be locally free and generic rank of T=rank of £. Let Q ^ £ ^-^ J- he 
a sheaf injection such that • ® k{y) is left exact for all the closed points y ^ Y . 
Then £ ^torfree Under the composition £ ^ T ^ ^ tor free- 

In such a case, £ = Ttorfree induces a morphism J-torfree ^ ^ through £ 
and we may write T = J^torfree ® ^tor and call J-torfree and Ttor the torsion 
free and the torsion summands of T. 
Proof: Consider the following commutative diagram, 

£ — > J" 

[' 1 

To show that £ = J-'torfree, it suffices to show that £ = £** = T** . 

Because £ and T are of the same generic rank, the cokernel of the short 
exact sequence Oi— >JFi— >7?.i— >Ois torsion. Applying the contravariant 
left exact functor HOA^o^ (•, Oy) to this short exact sequence and observing 
HOMoyC^: ^y) = because of its torsion nature, we have 

T* ^ £* ^Q. 

The cokernel TV appears as the TLOAAoy{*t^y) functor is not always right 
exact. By proposition 24 on page 45 of [Fr], JF* is reflexive and torsion free. 
On the other hand the vector space morphism J-* ® k{'y) ^-^ £* ® k{y) 
is equivalent to HOMk(^y){T ® k{y),k{y)) ^ HOM^y){£ ® k{y),k{yj) and is 
always surjective since £ k{y) i-^ T ®k{y) is always injective for all the closed 
points y €Y . As • ® k{y) is right exact, the rank^y-^TZ' k{y) = for all the 
closed points y of Y . Then by exercise II. 5. 8 on page 125 of [Ha] and the fact 
that Y is reduced, TV is locally free of rank 0, so TV vanishes. 
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Therefore T* ~ £*. By dualizing this equality again we get the desired 
E** = T** . The lemma is proved. □ 

The reader may consult page 42-46 of [Fr] for some basic knowledge about 
torsion free sheaves. 

In our paper we consider the torsion free quotient of coherent sheaves which 
are the derived image sheaves of invertible sheaves along a union of fibrations 
or along finite morphisms. In the proof of proposition [S] we show that these 
torsion free sheaves are in fact locally free. When this situation occurs, we 
denote J- tor free by an alternative notation J- free (or {J-)free) to indicate that 
it is not only torsion free, but is actually locally free. 

3.1 The Construction of fiber bundles i— > YiVe^) 

Let r G adm{n) be an n-vertex admissible graph and let Y{r) C Mn be 
the smooth closure of the corresponding admissible stratum Yr- As usual let 
TOi, m2, • • • , m„ be the multiplicities satisfying < rua < nib whenever 1 < a < 
b < n. We assume that such a multiple covered 'M{E)E = J2i<i<n^i-^i 
been fixed. 

Let TT : Si 1-^ F(re.) be the fibration in M„+i x Af„^(reJ representing 
the universal exceptional curves dual to e^. In the following we would like to 
construct smooth P^ fiber bundles tt : Sj Y{Tei ) birational to Ei for 1 < i < 
n. To simplify our notations, we would like to drop the restriction symboP^ 
and denote their restrictions to the sub-locus Y{r) = ni<i<py(rej C Y{Tei), 
■^i|y(r) or 5i|y(p) by the same notations. 

Given a subscript 1 < i < n, wc define li in the following. 

Definition 3 Define the index set li to he the set of all the subscripts of E ap- 
pearing in ei = Ei — Ej. . I.e. the union of {i} and all the direct descendent 
indexes of i inT . 

Given an index subset / C {1,2, by corollary ^ in section |21 there 

exists the canonical lifting tt/ : Mn M|/| of tt/ : Af„ M'^' and it induces 
the canonical map Y{T) Af|/| by composing Y{T) ^ M„ and M„ ^ 

By taking / = {1, 2, • ■ • , i — 1} U in the above setting, we may con- 
struct the total space of the P^ fibration as a divisor in the fiber product 

Lemma 7 There exists an P^ fibration over Y{Tei), tt : i-^ y(re;) such that 

(i) . S,; is pulled back from a suh-fibration of Mi^\j.\ ^ Mi_i^\j.\ by 

F(reJ^4M|/| =AVi+|/.|. 

(ii) . Si Y{Ti^.) has a structure ofP^ fiber bundle over K(re. ). 
^^The construction of will be outlined in the proof of lemma 171 

^^The reader should be able to recover the restriction notation from the base space we are 
using. 
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(Hi). The space Sj maps hirationally onto and the birational map i-^ 
is a consecutive blowing ups along codimension two smooth centers. 

Thus Si is the relative minimal model of . 

Proof of lcmma[3 Because / — {1, 2, • • • , i — 1} U 7^, |/| = z — 1 + Consider 
an ordering preserving bijection (j) : I >—>■ {1, 2, • ■ • , |/|}. Then = j for j < i. 
Consider an |/|— vertex fan-like admissible graph G adni(\I\) with one-edges 
from i— th vertex to all the vertexes marked in (f)(Ii — {i}). Then the z— th vertex 
is the direct ascendent of all the other vertexes in marked by — {i}) and 
it is the only direct ascendent vertex in F^. So K(Fe. ) is mapped onto Y{Ti) 
under F(Fe. ) i— > This can be seen by the construction of Y(Fe. ) in lemma 

|3|of section|21as the pre-image of Y(Fi) = x^^^.J^. ^Di under^** tt/. Under 
the surjection Y{Te-) i— > F(Fi), the open subset Ire. is mapped surjectively 
onto Yp^. 

As a subspace of the space Yi^i) is characterized as the existence 

locus of the type / exceptional class Ei — |>j>9 ^j+i-i- So there exists a 
fibration of universal curves over Y{Ti) C M|/| , Ci ^ Y{ri), whose fiber over h G 
Y{Ti) C M|/| is the type / exceptional curve representing Ei — J2\i \>j>2 ^j+i-i 
in the algebraic surface M|/|_|_i|;,. So Ci i-^ Y{Ti) can be viewed as a sub- 
fibrationofM|^l+iXM|/|r(r,). By pulling back ^ Y{T,) byy(rej ^ Y{T,), 
we define to be Ci Xy^p.) y(rej. Then the condition (i). holds by our 
construction. 

To prove (ii)., it suffices to show that Ci i— > Y{ri) is a fiber bundle. By 
a special case of lemmaQ] we have M|/|_|_i = (Mi+i/Mi)|/|_i+i — {AIi+i/Mi)^j.^. 
On the other hand, the exceptional divisor Di C Mi+i/Mi blown up from the 
relative diagonal Mi ^ MiX Mi^i Mi has a P-^ bundle structure over Mi. So we 
have (Di/Mi)|/.| C (Mi_|_i/Mi)|/.|. On the other hand, we have the commutative 
diagram, 

(A/M,)i/,i {M,+i/Mi)\i^\ = M\i^\+, 

1 1 

(A:/Af»)|/,|_i (Af,+i/Af,)|/,|_i = M|,,|+,_i 

Because Di i— > Mi is smooth of relative dimension one^^, the projection of 
fiber products xI/^'a = ^ (A/M,)|/,|_i = xJ^^'^^A '^Y{T{) has 

a P^ fiber bundle structure. It suffices to identify {Di/Mi)\i.\ with Ci. 

By induction it is easy to see that the fiber bundle M\i\j^i i— > Af|/| can be 
constructed from the trivial bundle Mi Xmq -^'^|/| ^ M x M|/| M|/| by |/| — 

^''Please refer to the proof of lemma|21for more details. 

^■^The space Di i— > Mi is the exceptional divisor by blowing up along Aj\,/^ : A/^ C Mi XMi_i 
Mi and has a P"*^ bundle structure over Mi. 

■^^An alternative way to achieve this is to check that the type / class Ei ~X/2<j<|/ | l 
can not be broken into two distinct type I classes. 

■^^Here we are using the fact that the codimension one blowing ups are trivial. 
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consecutive blowing ups along the cross sections of the intermediate fiber 
bundles M^+i x A/t M\j\ ^ for < fc < |/| - 1. Consider : M|7| i-> 

Mi and the pulled-back fiber bundle f\j\_i C A/^+i is isomorphic 

to the exceptional divisor Ei of the i— th intermediate fiber bundle. Thus the 
projection M\j\j^i/M\i\ ^ A/i+i x . M\j\/M\j\ to the i— th intermediate space 
can be constructed by \I\ — i — \Ii\ — f— consecutive blowing ups along cross 
sections of the intermediate fiber bundles. When we restrict to the locus YiVi) C 
M|7|, the j—th cross section, for all 1 < j < \ — 1, maps into the sub-bundle 
/|7|_i i^i t-^ M|/| and becomes a cross section of f*j^_i i-Ci|y(ri) ^ Y(ri). 

On the other hand, by Chapter II corollary 7.15. of [Ha], the strict transform 
of the restriction of the exceptional divisor Ei x Yi^i) C M^+i x Mi ^(^1) 
inside Xm,/, Y{Ti) is nothing but the \Ii\ — 1— consecutive blowing ups 

of iDi\Y{ri) along the — 1 distinct cross sections. Because the P-'^ fiber 

bundle is smooth of relative dimension one, all the blowing ups along cross sec- 
tions are trivial. Thus its strict transform Ci, representing -E'i — |>j>2 ^j+i-i 
in M|/|_|_i Xjv/|j| ^(Ti), is still isomorphic to f*j\_i i^ilY(ri)- The condition (u). 
is proved. 

In the following, we derive the conclusion (iii) based on a similar argument 
as above. Consider the projection map fn-i,i ■ Mn 1-^ Mi and the induced P"'^ 
bundle f*_i iDi C M^+i Xm^ Mn is the exceptional divisor Ei of the i— th inter- 
mediate fiber bundle in-between M„+i and the trivial product M x Mn- Similar 
to the above argument the map Mn+i ^ Af^+i Xj\/. Mn can be constructed by 
n — i— consecutive blowing ups along cross sections of the n — i— intermediate 
fiber bundles. Similar to the above discussion to Ci, is the strict transform of 
Ei Xa/„ YiVei) C Mi+i X Mi Mn Under these consecutive blowing ups. Again by 
Chapter II corollary 7.15. of [Ha], can be identified with the n — i— consec- 
utive blowing ups of Fq = f*_i iDi Xm„ Yi^et) along the intersections (of the 
intermediate blown up spaces from Fq) with the various cross sections in the 
intermediate fiber bundles M^+i+i XM^+i Mn 1-^ M„. Denote Cq C Fq to be 
the first blowup center and inductively define Fk = BlowUpc^^iFk-i- Denote 
Ck C Fk to be the fc— th blowup center, for k ranging inO<fc<n — i — 1. At 
the end we have Fn-i = Si and it suffices to show that all the blowup centers 
Ck (0<k<n — i — 1) are smooth of codimension two/one in Fk. 

Because Ck is the intersection of Fk with a cross section of the ambient 
fiber bundle Mk+i+i XM^+i Mn 1-^ M„, the projection Ck C Fk 1-^ Y{Tei) 
induces an isomorphism onto the image of the intersection locus. Suppose that 
Ck maps onto y(rej, then Ck must be a cross section of Fk Y{Te.) and 
therefore is smooth. This can only occur when fc -I- i -I- 1 is a direct descendent 
index of i throughout Y{Ti,.), which happens only when k + i + 1 G li. If 
k + i + 1 ^ li, then fc -|- i + 1 is not a direct descendent index of i in Fe. . 
Consider a particular degeneration re;;A:+i+i of by adding a single one-edge 

^''They are pull-backs of the relative diagonals Ajv^^^^y^vj^ : Affe+i 1-^ Mi^^i ^k+i by 

/|/|_i,fc+i : M|j| 1-^ Mfc+i. 

^^Pulled-back from M^^i^i 1-^ M^+i by M„ M^+i- 
■^^By proposition ITl the space Y{Tei) is smooth. 
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from i to k + i + 1. Then by proposition^ Y{Tei-k+i+i) C y(re.) is a smooth 
divisor in y(rej. On the other hand, Ck is the intersection of Fk, i.e. the strict 
transform of with the cross section of Mk+i+i x M^+i ^ Mn induced by 
the relative diagonal. So at the location where intersects the cross section, 
the k + i + l—th blowing up in Fk determined by the intersection locus is located 
in the strict transform of the exceptional locus Ei of the i— th blowing up. By the 
interpretation of remark^ this occurs exactly when k + i + 1 becomes a (direct 
or indirect) descendent of i and so Ck maps onto Y(Tei-^k+i+i)- Therefore Ck is 
isomorphic to Y{rei;k+i+i) C y(re.) and by proposition it is smooth. When 
this occurs Ck is of codimension two in Fk- Then by induction — Fn-k is an 
n — A:— consecutive blowing up of F^ along codimension two smooth centers. 

Because /|7|-i,i o = /n~i.i, we have = {fn-i,\i\\Y(T^.))*Ci = 
(/n-i.|/||y(re,))*(/|/|-i,i)*A = (/„_i,i|y(r,j)*A = Fq. So = F^-k projects 
onto Ff) ~ Si and is the relative minimal model of . This finishes the proof 
of [in). □ 



Remark 7 Because some of these Ck are not cross sections and are not dom- 
inating YiVei), the blowing ups along those Ck cause the special fibers of^i 
Y{Tei) to become a finite tree of normal- crossing P^. 



For a fixed i one may re-write the cohomology class C — M(i?)£^ — C — 
J2i<a<n "^aEa as C - Y.a£ii '^aEa - J^a^u "^aEa and there is a canonical (up 
torescalingofC*) sheaf morphismfc'-M(B)B = ^c-V m _e -V mE ^ 
^c-Y, ruaE^-Y^ ruaEa tensoring with the defining sections oiYi^at^u ^aEa 
onM„+i. 

The main reason that we introduce the fibrations , 1 < i < P for e^^ is 
because of the following. 

Lemma 8 The sheaf TZ^tt^,[0~^®£(j_'y^ ^ ^ m e) the zero sheaf. 

The first derived image sheaf TZ^TT^,(^Oa^ ^ m e ) 

colly free. 



Proof: Based on the condition e^. • (C — 'M.{E)E) < 0, the relative degree of the 
invertible sheaf T = ^c-^ maE^^Y ""^^ along Ek^ t-^ Y(Tei^J is nega- 
tive. Since by lemma[7| S^. 1-^ ^(refc. ) is a P^ fiber bundle. The negativity of 
the relative degree implies the vanishing of 7^° 7f* (Oe^^ ^ ^ -J^ ™ e 

On the other hand, the vanishing of the zero-th derived image sheaf implies 
h'^{y,J-') = for y G Y(re^,) x T{M) and by curve Riemann-Roch formula it 
implies the constancy of h^{y, J^) throughout Y{Tf,^ ) x T{M). Then by chapter 
II, corollary 12.9 of [Ha] the sheaf 7?.-^7r, m„£;„-^ ™„£;„) locally 

free. □ 
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The locahy freeness of the derived image sheaves along the various 5^^ i-^ 
YiTe^. ) enables us to find an explicit representative of [Vquot] S Ko{Y(r) x 
T{M)) in the following subsection. 

3.2 The Locally Freeness of Vquot and its Explicit Repre- 
sentative in the K Group 

In this subsection, we would like to prove the locally freeness of the torsion free 
quotient Vquot of TZ^-K^^iO^ _ ® £c-'M(e)e) over l'(r) x T{M) and we 

also give an explicit identification of [Vg„ot] G KoiYiT) x T(M)). 

Lemma 9 The torsion free quotient of the coherent sheaf TV^TT^{0-s.k^®£(j_^ m e) 

is locally free and is isomorphic to 'R}tt^:{0^ ®5p_y^ ^ ^ )®T^*0{—^^^j^,maEa-^ki)- 

Proof of the lemma: The above sheaves are of the same generic rank, by a direct 
curve Riemann-Roch calculation along smooth fibers above Yy x T{M) 

The locally freeness of 7?.^7r»(C'5. (g)fp_v^ ^ ^ ^ ) has been 

proved in lemma |H1 The isomorphism 

follows from the projection formula (exercise II. 8. 3. on page 253 of [Ha]) 
and the fact that 0{-Ea)\a^ = Ti'*0{Ea-k,)\Y{r), for a < h. 

To prove the lemma, by lemma |S1 it suffices to prove that 7?.^7r, (Oh^.^ ^ 
^c-y «)^c-y m^E^-y m^fij is surjective. 

Firstly by lemmaEl (iii). Sfe^ t—* S^. is a composite blowing down map, the 
push-forward of Os^. {— J2n>a>ki-a^ik ^o.Ea) to Sfc; defines an ideal sheaf of 
the sub-scheme Izt C O^^ . To show the surjectivity of the original sheaf map, 
it suffices to show that Zt ^ ^(re^. ) is at most of relative dimension zero. I.e. 
the fibers of Zt ^ Y{Te^, ) are either empty or are zero dimensional. In fact S/j. 
is a fiber bundle and all the fibers are smooth and irreducible. On the other 
hand Zt supports over the image of '^n>a>k at^ik i'^ ^fci- only 

chance for Zt\y^ y £ Y{T) to be one dimensional is when Zt\y supports over the 
whole 5fc. Ij^. This implies that the defining section of C(X]n>a>fc a^/t 'maEa)\y 

^"For the definition of Vquot, please consult Dage l2ll 

^^The symbol Ec^b, o, < b, denote the exceptional divisor in M„ by blowing up the the 
(a, b)— th partial diagonal. 

^^The subscript t of the notation Zt stands for "torsion" because Zt is closely related to 
the torsion part of a sheaf. 
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is divisible by the defining section of {Ek^ — ^jk )\y This implies the 
existence of an admissible graph r',r' < F and y e Yp', such that ki is a 
descendent of some a > ki,a ^ Ik^- This is absurd because the axiom 2. of 
admissible graphs forbids ki with fc^ < a to be the descendent of a. 

Therefore Zt i-^ y(r) is generically empty and is at most relative dimension 
zero. Then by tensoring the defining exact sequence Xz^ ^ Os^ ^ 
Ozt ^ with £fj_Y^ ^ m B ' ^® S®^ desired surjectivity 

from a portion of its derived long exact sequence, 



and the vanishing of T^^vr, (O^^ i?(7_y^ „j ^ m e ) 

that Zt i-^ ^(r) is "at most relative dimension zero". 

Once the surjectivity has been achieved, this surjection induces an isomor- 
phism between the torsion free quotients of 7?.^7r* (Ch^, ® £(-;_y^ m e )' — 

n^^*{^zMc-y m^E^~y m^Ej^'^^^^'^^^*iOE,.'^^C-y m^E^^y m„ 

by the argument in lemma |S1 □ 

The following lemma will be used frequently in the following discussion. 

Lemma 10 Let ^i,0 < i < 4 be five coherent sheaves over a smooth, connected 
and reduced scheme Y and let Qq |—^ Gi <—>■ G2 '-^ Gs '—>■ Gi be a sheaf exact 
sequence. Suppose that both of Go o,nd Gi are torsion sheaves and {G2)torfree is 
locally free. Suppose additionally that the induced morphism {Gi)torfree®k{y) ^ 
{G2)free ® k{y) is injcctive for all the closed points y (zY, then the torsion free 
quotients of GitG2tG3 are all locally free and they form a short exact sequence 
of locally free sheaves, 

^ iGl)free 1^ (^2)/ree ^ (03)/ree 1"^ 0. 

Proof: It is well known that any morphism from a torsion sheaf to a torsion free 
sheaf is trivial and any morphism from a torsion free sheaf to a torsion sheaf 
cannot be injective. By taking the double-duals of the original sequence, we get 

Gi ^ G2 ^ G3 

The second row is acyclic and it induces an acyclic sequence on the torsion 
free parts {Gijtorfree, 1 < i < 3, 
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(Gljlorfree {Q2)torfree ^ {Q-3)torfree ^ 0. 

The above sequence is right-exact because by the commutative diagram 
(02)tor is in the kernel of the composite surjection Q2 ^ Qz ^ {Q3)torfree- 

To show that it is also left exact and exact in the middle, notice that the 
acyclicity of the above sequence implies the surjection {G2)tor free/ I'm'{{Gi)tor free) * 

{Qsjtorfree ^ 0. 

Consider the sequence 

{Ql)torfree ^ {62)torfree '-^ {Q2)torfree/ Ifn{{Ql)torfree) 0. 

By the assumption of our lemma, {Qi)torfree®k{y) ^ {Q2)torfree®k{y) is in- 
jectivc for all closed points y. Because both {Gi)torjree and {G2)torfree/ I'm({Qi)torfree) 
are coherent, by exercise 11.5.8(a) of [Ha], both ranki,(y-j{Gi)torfree <Xi k{y) and 
rankkiy) {{G2)torfreel Im{{Gi) tor free 

))®k{y) = rankk(y){{G2) tor free ®k{y)IIm{{Gi)t orfree^ 
k{y))) are upper semi-continuous. But by assumption {G2)torfree is known 
to be locally free, so by exercise 11.5.8(b) of [Ha] and the connectivity of Y, 
ranki^(^y){G2)torfree ^ k{y) is constant throughout the connected scheme Y. 
This forces rankk{y) (Gi) tor free ^k{y) and rankk{y){G2) tor free /Im{{Gl)torfree)® 
k{y) = rankk(y){G2)free ® k{y) - rankk{y){Gi)torfree ® k{y) to be lower semi- 
continuous and to be constant. Therefore by exercises 3.17, 5.7-5.8 of chapter H 
of [Ha], {Gi)torfree and the quotient {G2)torfree/ Im{{Gi)torfree) arc also locally 
free. In particular, {Gi)torfree * {G2)torfree induces a bundle injection and 
it has to be a sheaf injection. 

On the other hand, the surjection 

{G2) tor free /Im{{Gl)torfree) ^ {G3)torfree >->■ 

implies that (Gs) tor free is the quotient of a locally free sheaf of the same 
generic rank. This implies that the kernel sheaf of this surjection must be a 
torsion sheaf. As there is no sheaf injection from a torsion sheaf into a locally 
free sheaf, the surjection is in fact a sheaf isomorphism and thus {G3)torfree is 
also locally free. 

So we may replace the sheaves in the original short exact sequence 

l-s- {Gljtorfree ^ {G2)torfree '->■ {G2)tor free/ Itn{{Gl)tor free) ^ 

by {Gi)free, {G2)free, and {Gi)free-, respectively, and the proof of this lemma is 
complete. □ 

In the following proposition we prove the locally freeness of the sheaf Vquot = 
(7?.^7r, (Ov^ _ (g) £c-m(E)E))torfree and identify the equivalence class of 

Vquot in the K group explicitly. 

^^Because of the injectivity of the ®k{y) version of morphisms. 
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Propositions The torsion free quotient of the coherent sheaf TZ^tt^(Oy^ - 
^C-'bA{E)E) is locally free and it is equivalent to the direct sum of locally free 

sheaf ®i<l<j,-R}f:.{Oa ®£c-y m,E,-y El<a<fc, ™a^a;fc, ) 

in Kq{Y{T) X T{M)). 

Proof of the proposition: For p = 1, the sum of the divisors X!i<p ^fei collapses 
to a single Sfcj^ . The conclusion of locally freeness and the identity in i^o(5^(r) x 
T(M)) are direct consequences of lemmaEl We prove the general case based on 
induction upon p. 

By induction hypothesis, we know that the "locally free" quotient of 7?.^7r* ~ ® 

'?c-M(£;)£;-e.) is equivalent to ©l</<p_l7^l7i•* (Oe^ (K)fp_y- „i,£;,_y" e,, )® 

' l-^b^I ^ p'>d'>l d 

TT*0{— X)i<a<fe, "i^aEa-ki)- To provc the p— th version of our proposition it suf- 
fices to prove the locally freeness of the torsion free sheaf and then prove the 
existence of a short exact sequence of locally free sheaves, 

0^{n\,{Oy {-Ek^)®£ y „.^Ej)free^ {Tl'^TT^iOy H^.^'^C-V m^Ej)free 

^ {TZ\,{Oe,^ (E)£c:_y m,Ej)free ^ 0. 

By pushing forward the short exact sequence 

O^Oy (-SfeJ®fp_y m^E^^^y S,.®^C-y ,n^E^^O^.p®^C~y m„iS„ ^ 

we get a long exact sequence 

^n'n,{Oy ^^®£c~y rn.Ej^'^^^*{o^.®^c-y ™„bJ^o. 

Z—/ i < p ^ Z — ^ 1 < a < n, Z— / 1 < a < ti 

The above sequence is right exact because X]i<i<p-i ^fci ^(r) is of rela- 
tive dimension one over the base Y{r) and so the corresponding second derived 
image sheaf along X]i<i<p-i ^ ^(r) vanishes. 

Because ofthe degree constraint on ^^^^^^ mai?a, '^''7r,(C'Hj^ ®£ij_Y^ m e ) 

vanishes on the Zariski-open subset Yr x T{M) C Y(r) x T{M) and is a torsion 
sheaf over F(r) x T{M) . By lemma^and by the induction hypothesis the torsion 
free sheaves (7?.^ vr, (Chj^ ^£„_y^ p; ))torfree a.nd {TZ^n^iOy^ ~ 

„ _ ))torfree are known to be locally free. 

Then the desired short exact sequence of locally free sheaves is constructed 
from the acyclic sequence formed by the torsion free quotients of the above long 
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exact sequence, after we have shown the torsion free quotient of the middle 
factor Vquot is locally free. 

The rest of the proposition is devoted to derive the locally freeness of (T^^tt* (Ov^ ^ ® 

Sfj_sr^ „j ^ ))torfree and the exactness of the above acyclic sequence. 

Step I: The locally freeness of the torsion free quotient (part). 

The invertible sheaf Cm„+i (— X]i<a<n "^i-Eq) pulls back to an invertible 
sheaf on J2i<i<r,'^ki, denoted by 0v^ _ i-J2i<a<n'^aEa)- The invert- 

ible sheaf fails to be a sub-sheaf of Oy^ ~ , therefore it is not an ideal 

sheaf on X]i<i<p"fci- We point out the main cause. Let P be the union of 
{fci, /c2, fcs, • ■ ■ , fcp} union with their direct and indirect ascendents in T. The 
canonically defined sheaf morphism Cm„+i (— X^asP "'■a^a) ^m„-^i vanishes 
on the whole sub-scheme J2i<i<p ^fei ^ Mn+i because the sections defining the 
divisors Ea, a E P vanish •^'^ on for all 1 < i < p. Thus, the defining section 
of CM„+l(-I]l<Q<„"^a£^a) 1-^ Om„+i vauishcs on J2i<t<p'^k, as well. 

Consider the fiber product (intersection) of X)i<a<n '^aEa C Mn+i with 
Si<i<p'^'£i C Af„_|_i. Even though the fiber product is not a sub-scheme of 
Si<i<p '^fci 1 ^^^1^ contains a maximal sub-scheme Z as a divisor in X]i<i<p '^fei • 

Since Z is a divisor, the ideal sheaf defining Z, Iz is locally free = Oy^ _ 

Then we may write Ov^ - (- Yl,\<a<n ^aEa) as Xz (8> J ^ with J being 
locally free. 

Tensoring the defining short exact sequence i-^ t-^ Oy^ - ^ 

1-^- by Jc ^ J ® £c and taking the derived long exact sequence along 
'■ J2i<p-k, 1-^ y{r), we find 

TZ"Tr^{Oj2 ^ ^^,®Jc)^ n°Tr*{Oz ® Jc) 
Weknowthat72.-^7r*(C'y^ - ®Jc) is a torsion sheaf, since (iegHj^ /Y(r)Jc = 

2-^i<p ^ 

TTii > by a calculation shown on page 1511 

Now we get the following short exact sequence on the torsion free quotients 
of the above sequence (based on lemma I1U|I , 

0^ in°7r,{Oj2^ E,^ ® Jc)) free ^ {n^T^*{Oz ® Jc)) free 

once one shows (i). {n^TT^{Oz ® Jc)) tor free is locally free. 

^■'This is why we want P to contain fc^s or their ascendents, when i is a ascendent of j in 
r, the defining section of Ei is divisible by the defining section of Ej above YiV). 
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(ii). the injectivity (7l°7r»(0y- _ (g) Jc))torfree ® k{y) (7^°7r*(Oz (g) 
Jc))torfree ® k{y) for all the closed points y £ Y{r) x T{M). 

The proof of condition (i): Take Zj to be the union of the irreducible com- 
ponents of the divisor Z C X]i<z<p'^fci which dominates Y{T). Take Zt be 
the union of the irreducible components of divisors in Z which do not domi- 
nate Y{T). Because Z is the divisor induced by X]i<a<n "^i-Ea, for a fixed i 
with 1 < i < J3, the restriction of rrij^, Ej^^ to Sfc . defines a sub-scheme in 
Sfe. , a union (with multiplicities) of cross-sections of S^. i— > i^(r). So the map 
Zf 1—^ Y[T) is a finite morphism. On the other hand, Zt C X]i<i<p'^fci maps 
onto a imion of divisors in Y{r). Because Z = ZfUZf is a. union of divisors, 
we have the following short exact sequence of divisors in X]i<p '^fci i 

^ Ozf {-Zt) ^Oz^ Oz, ^ 0. 

Since Zf i-^ Y{T) is a finite morphism, 7?,^7r* (O^^ (— Zi) ® Jc) vanishes and 
'RPi:^{Oz}{—Zt) ® Jc) is locally free^^. So the Jc twisted derived long exact 
sequence of the above short exact sequence truncates to a sheaf short exact 
sequence 



^ 7e°7r, {Ozi {-Zt) ® Jc) ^ n°TT^ {Oz ® Jc) ^ 7^"7^, {Oz, ® Jc) ^ 0. 

Because Zt is mapped into a proper sub-scheme of Y{T) under tt, its inter- 
section with the generic fibers of tt : J2i<p ^fcp ^ ^(r) must be empty. Thus 
T^-^TT* [Ozt ® Jc) is a torsion sheaf. 

One the other hand, it is easy to check that T^^tt* (O^^ (— ) Jc) ® 
k{y) 1-^ HPuf. {Oz ® Jc) ® k{y) is injective for all the closed points y on Y{r) x 
T{M). lemma El the torsion free quotient of TiPTT^{Oz ® Jc) is isomorphic to 
'RPT:^{Oz}{—Zt) ® Jc) and is known to be locally free. 

So we know that (7^°7^* [Oz ® Jc) ) tor free is locally frcc and the condition 
(i). has been proved. 

The proof of condition (ii): By the derivation of condition (i), the original condi- 
tion (ii) is equivalent to the injectivity (T^-^tt, (Ov^ _ ® Jc))torfree®k{y) ^ 

n°T:^{Ozi{-Zt) ® Jc) ® k{y) for all the closed points y G y(r) x T{M). On 
the other hand, the fc(j/)-twisted zero-th derived image sheaves map into the 
zero-th fiberwise sheaf cohomologies injectively^^, so it suffices to check the 

^^The subscripts / and t oi Zf and Zt correspond to the keywords "free" and "torsion" as 
they are closely related to the locally free part and the torsion part of TZ^nt {Oz iX) Jc)- 
^^Its rank is nothing but the relative length of Zf i-^ ^(r). 

^'^By comparing with the corresponding short exact sequence of the fiber above y. Consult 
the next argument below and the next footnote for a similar argument. 

''^This follows from taking the global sections of a twisted version of the exact sequence 
^ Xsr^ „ ^ „ ^ „ i-» for all J/ G Y(V). 
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following injection H°iJ2i<p^k, Xy(r)xT(Af) {y},Jc\y) ^ H"{Zf Xy(r)xT(M) 
{y}, Ozf{—Zt)®Jc\y) for all the closed points y in Y(T)xT{M). By composing 
with the natural morphism induced by Oz;{—Zt) i— > Oz;, it suffices to check 
the injcctivity of H^{J2t<p'^k, >^Y{r)xTiM) {y},Jc\y) ^ H"{Zf XY(r)xT{M) 
{y},Ozf (S§> -Jcly)- But this map is nothing but the restriction map of fiber- 
wise global sections above y to the finite sub-scheme Zf Xy(t)xt{m) {y}- If 
this map is not injective, there must be a non-zero global section of Jc\y on 
the fiber '^^^p'^ki XF(r)xT(M) {y} which vanishes along the finite sub-scheme 
Zf Xy(t)xt{m) {y}- In particular, we may restrict this fiberwise global section 
to one particular Xy(r)xT(M) {?/} (for some 1 < I < p) over which the sec- 
tion does not vanish identically. We derive the contradiction by computing the 
degree of the invertible sheaf in two different ways. 

Consider the index subset P C {1, 2, • • • , n} collecting ki and all its direct or 
indirect ascendents in T. 

On the one hand, the degree of the invertible sheaf deg^^^ XY(r)xT{M){y}'^c\i 

is rfe5H,,Xy(r)xT(M)M^^^^^^^H,,(-EaeP^a'^a) = ' (-EaGP^a-^a) = 

i^h -Ejfc, Ejk, ) • (- Eaep'^a-^a) = '^^El^ = Wfc, (sincc ki€P and the de- 
scendent jki of ki can never be an ascendent of fc;, any term of the form {—Ej^^ ) • 
{—niaEa) contributes trivially to the sum). On the other hand, the same degree 
must be no less than the relative length, length{{Zf n Sfe,) Xy(r)xT(M) {y})) of 
the finite scheme {Zf n Sfc,) XY{r)xT{M) {y} along which the section vanishes. 
However the length of this finite scheme is nothing but the sum of multiplicities 
for all rrij^^ Ej^^ along^o S^, and is equal to Ej^,, "^m, • 

Combining these observations together we get an inequality m^,, > Ei '^jfc ^ 
which implies eki ■ (C — 'M.{E)E) > 0. This violates our choices of Cfe, of making 
Cfc, • (C — M(£')£') < 0! So the original fc(y)-vector space morphisms must be 
injective for all y. The proof of condition (ii). is finished. 

Step II: The proof of exactness of the acyclic sequence. 

We plan to derive it by adopting the commutative diagram chasing argument. 

Recall that the inclusion Ei<p-i "^fci ^ Ei<p ^k,^ of P"'^ fibrations (removing 
the last 'E.i^j,) induces an inverse image of the ideal sheaf I z in Ei<p-i'^fei> 
denoted by Iz'- Then the restriction of Z, Z', can be viewed as a sub-scheme 
of Z by removing the intersection Z" = ("1 Z. Similarly, both Zf and Zt are 
restricted to Zf and Z^, respectively and likewise we also have Z" = Z'J + Z" = 
'Ekpf\Zf+'Ek^f\Zt. To summarize, we have the following commutative diagram 
of three rows of short exact sequences, 

^^The degree can be calculated along any smooth fiber of S^.^ over Yp. moreover it is easy to 
see that the inverse image of the invertible sheaf ^ to the sub- locus x m„ Yy is isomorphic 
to Osj.^ XM„yr (~ EaeP "^"''^''^ because the defining section of Ea, a & P 

vanishes on S^.. \y over y. 

^''The index jk^ is a typical direct descendent index of ki in the admissible graph T. 
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Oz'i-Z[-Z") ^ Oz'{-Z") ^ Oz'S-Z") 

J ^ 



OzA^Zt) 

1 

Oz'iX-Z'^) 



Oz 

1 

Oz" 



1 

Oz, 



All of the three rows and the first two columns in this above diagram are short 
exact sequences constructed from tensoring invertible sheaves with a divisorial 
exact sequence of the following form, ^ Ob{—A) ^ Oa+b ^ Ob ^ 0. 

Moreover we have the following commutative diagram (after substituting 
by the short hand notations C = C - X)i<a<ri "^a-^a = C - M.{E)E). 



(7^V(o^^ ®Jc)) free 

1' 



n^ir^{Oz'{-Z'^-Z")®Jc) ^ {TZ^TT^Oy^ H,. ))/,. 

n°TT,{Ozfi-Zt)®Jc) ^ ®£c))/ree 



7^' 



^7:,{Oz';i~Zn®Jc) 



<[) We claim that all three rows and the first two columns in this commutative 
diagram are short exact sequences: By the earlier discussion based on lemma 
1101 the sheaves in the second rows are all locally free (this justifies the usage 
of the subscript {■) free above). In the same argument the second row has been 
shown to be short exact. We may adopt a parallel argument on X]i<p-i '^ki 
applied to Z' = Z'^XJ Z[ or on S^.^ applied to Z" — Z'^ U Z", thus the sheaves 
in the first and the third rows are all locally free and both of the first and the 
third rows are short exact as well. The first column is the locally (torsion) free 
summand of a derived long exact sequence, it is exact based on lemma [1111 and 
we argue as the following: The locally freeness of the factor in the middle is 
already known. The injectivity of the • ® k{y) version of the first column in the 
above diagram 

(7^°7^»(Oy- H^.(-SfeJ ® Jc))/ree ® A:(y) ^ (7e"7r,(C'y- ^^^Jc))free(Sk{y) 

is a direct consequence of the injectivity of the fiberwise zero-th cohomolo- 
gies. 



H°{ ^ ^fc. XY(r)xT(M){y},0{~Ek^XY(^r)xT(M){y})®Jc\y) i?°(^ ^fe. XYir)xT{M) {v}, Jc\y)- 
i<p— 1 ^I^P 

^^We have skipped the inverse image notation for J/c to the various sub-schemes, in order 
to make the formula less complicated. 
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The desired injcctivity of the morphism has been the direct consequence 
of the following short exact sequence on the fiber above y, 

So the exactness of the first column is ensured. 

Finally the second column is short exact as it is the derived short exact 
sequence (remembering that Z'j^ ^(r) is a finite morphism) of a twisted short 
exact sequence in the the first column of the previous commutative diagram on 

'7 '7 '7 '7" '7" 

Zj ^ Zjf^ Zjt^ Zj , Z/y, Zji , Zj , Zj, Z.^. 

The third column has been known to be acyclic. Then its exactness follows 
from the standard diagram-chasing technique. □ 

At the end of the subsection, we define a short-hand notation, 
Definition 4 Define the locally free sheaf Vquot to be 

Vquot = ®l<l<p'R'^T^*{0~^ (g>£^_y m,E,-T e^)®'^**^(~ X] '^o.Ea-ki)- 

' ^i-e-ffc, ^v>d>l <i ^^^^^^ 

Following our convention, the corresponding vector bundle will be denoted 
by Yquot- 

4 The Localized Chern Classes and the Discrep- 
ancy of the Top Chern Classes 



Let us consider the following general set up. Let X be a purely ra dimensional 
scheme and let E X, i— > X be vector bundles over X of the same rank, 
say e, and let ct : E i— > F be a bundle homomorphism on X exact off a closed 
subset Z . Then in principle the difference of Chern classes of F and E should be 
expressible as cycle classes 'localized' in Z. In particular, when Z = 0, the map 
(J induces an isomorphism between F and E and their Chern classes coincide. 

For the convenience of the reader, we review the construction of [F], page 
348 (c). as a special case of the graph construction of MacPherson. We have 
changed a few notations from the original notations of [F]. 

Proposition 6 Let d(E),d(F) denote a polynomial of Chern classes ofE and 
F, respectively. Let G = GrasSe(E S F) be the e-plane Grassmanian bundle 

over X and let ( i-^ G be the universal rank e bundle over G. Then there exists 
a cycle X]i>i ^iVi C G supporting over Z , rji : Vi i-^ Z the projection map, such 
that 

*^The notation X used in this section is not the same X used in the the proof of our main 
theorem. 
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d(E) n [X] - d(F) n[X]= niT],,{ci{0 n [Vi]}. 

Define ^:XxAi-^GxP^by sending (x, t) to the graph of ta{x) x (1, t). 
Then define W to be the closure of the imago in G x P^. Set Woo = = 
J2%>o '"■i^'. to be the fiber of W i-^ P-^ above {00} C P^. 

Because a is bijective on X — Z, there exists a special component, say Vo, 
with no = 1, and is birational to X through the projection G X. In fact it 
is isomorphic to X. Excluding this component from Woo, it turns out that the 
remaining J2i>o "f^i^ij T]i : Vi t-^ Z has the desired property. For the full details, 
consult page 340-348, section 18.1 the graph construction, of [F]. 

The graph construction allows us to express the difference of characteristic 
classes of E and F by cycle classes in Z, constructed from a through the limiting 
process. In particular, it implies the following identity 

{Ce(E) - Ce(F)} n [X] = J2 n^Vi*{Ce{v)n[Vi]}. 

But it might be technical to identify these [Vi] explicitly. 

Suppose that one is given additionally a global section sq € r(X, E), then 
s = a{so) S T{X, F) is a global section of F. 

The localized top Chern class construction on page 244, section 14.1 of [F] 
defines localized classes Z(so) G Am-ei^iso)), Z(s) e Am-e{Z{s)) and their 
push- forward into X arc equal to Ce(E),Ce(F), respectively. 

Thus the datum of the sections so,s = cr(so) may be used to express the 
difference Ce(E) — Ce(F) as geometric cycles relating to so and a. 

The first hint to such a possibility is the following proposition. 

Proposition 7 Let a : F, X , sq ■ X 1-^ E be as above and let se ■ X h^E 

denote the zero section of E and let tte ■ E X be the bundle projection, 
then the kernel Ker{a) determines an algebraic sub-cone Cp of the total space 
o/E and there exists an scheme theoretical equality Z{s) = Z{so) U7rE((Cp — 
se{X)) n so{X)) between the zero loci. 

In general we may write Cp = Uj>oCp., where C^^ is the zero section cone 
Se{X) and Uj>oCp. is the union of the remaining irreducible components sup- 
porting inside Z. Because the proposition is parallel to the discussion in propo- 
sition 12 in [Liu5], we only give a sketch of the proof: 

Sketch of the proof: Let be the locally free sheaves over X associated to 

E, F, respectively. 

The sheaf morphism £ T induces a dual morphism T* 1-^ f * with cokernel 
sheaf 72.. 

Consider the Ox algebra S' generated by = Tl, then = S'pec(S ) 
defines a sub-cone in the vector bundle cone of E. By tensoring with k{x) 
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(which is right exact) for all x € X and taking the left exact contravariant 
functor HOMk(^j.){- , k{x)), one may see easily that this cone is the kernel sub- 
cone of CT : E I— > F. 

One may observe Z{s) = Z{sq) U 7rE((Cp — se{X)) n so{X)) on the set 
theoretical level rather easily. The equality as schemes follows from a parallel 
discussion as in proposition 12/corollary 3 of [Liu5]. We omit the details here. 
□ 

One notices that besides the unique component Cp„ which is equal to the 
zero section se(^), the union of the remaining cones, Cp — s-e{X) = Ui>oCp;, 
supports exactly on Z. 

On the one hand, we have the following residual intersection theory formula 
on the (localized) top Chern class (see page 245, example 14.1.4. of [F]) 

Proposition 8 Let F X be a rank e vector bundle over a purely m- dimensional 
scheme X and let s : X F be a global section. Let D be an effective Cartier 
divisor contained in Z{s), then there exists a section s' ofF®0{~D) such that 
(i). F (g) 0{-D) ^ F maps s' to s. 

(ti). z(s) = z{s') + Ei<.<e(-i)^"'c,_,(F) n D^-^ n [d]. 

It makes sense to combine proposition|Sl[7|and|Sland unify these observations 
together. 

Firstly, let o" : E ^ F be isomorphic off Z C X as before. Consider the sub- 
scheme Z(s) n Z C X. One may blow it up into an exceptional Cartier divisor, 
denoted as D in the blown up scheme X. From the general construction of 
blowing up coherent sheaves of ideals, ( see page 163-169 of [Ha] and B.6 page 
435-437 of [F]), D is isomorphic to the projectified normal cone 'P{Cz{s)nzX)- 
Then one may apply proposition |H1 to X, g*F ^ X, where g : X i-^ X denotes 
the blowing down map with the exceptional divisor D. 

The following simple lemma identifies the term X]i<i<e(~l)*^^'^e-i(F) fl 
n [D] for us. 

Lemma 11 The cycle class g*{T,i<j<e(-^y~^^e-j{'F)nD^-'^n[D]} e Am-e{Z{s)n 
Z) is equal to the localized contribution of top Chern class of Z{s)C\Z , 'Zz(s)nzi-^) = 
{c{F\z(s)nz) n s(Z(s) n Z,X) n [X]}„i_e. (see definition 1 of in section 5 of 
[Liu5]) 

Proof of the lemma: Recall from page 71 of [F] that the Segre class of a cone'*'^ 
C over Y is defined to be 

<C) = q,{Y^c^{0{i)y n [P(C® 1)]) e A(r), 

where q : P(C © 1) F is the projection map. 

*''Do not confuse this cone C with the cohomology class C £ H^'^{A{, Z). 
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In our context we take C to be the normal cone Cz(s)nzX and Y = Z{s)r\Z, 
and so D ~ P{Cz(s)nzX). On the one hand, P{Cz{s)nzX) is a divisor in 
PiCz{s)nzX © 1) defined by ci(0(l)). On the other hand, D = P{Cz(s)nzX) 
is an exceptional divisor in X, thus D = — ci(0(l)) and we have 

9*{ E i-iy-'ce-,{9*F)nD^-'n[D]} = g4 ^ c,-,i9*F)nci{0{l)y-'n[F{Czis)nzX)]} 

l<j<e l<i<e 

= MF\zis)nz)rig4 J2 n [P(C^(,)nz ® l)])}™-e 

l<i<e 

= {ciF\z(s)nz)g*{J2 CiC^^Cl))' n [P(Cz(.)nz © 
= {c(F|2(,)nz) n s{Z{s) n Z, X)}™_e. 

□ 

The expression {c{F\z{s)nz)^s{Z{s)riZ, X)}m-e is nothing but the localized 
contribution of the top Chern class Zz(s) discussed in section 6 of [Liu5]. 

Thus, the identity in proposition |Sl(ii). can be re-written as Z(s) = Z(s') + 
Z2(s)nz(s)- When a : E F is exact off Z, we compare it to the top Chern 
class identity 

Ce(F) n [X] = Ce(E) n[X]- J2 ^^^V^*{d{C) H [K]}. 

Vi^Z 

Introducing the following equivalent relationship which will be essential to 
the invariant enumeration in section |51 

Definition 5 Let 771,772 with r]in,ri2r] : Ak{X) t— > ^o(-''') be two grade-k char- 
acteristic classes on an m dimensional complete scheme X. The classes rji 
and r]2 are said to be numerically equivalent, denoted as 771 = 772 if for all 
a G Am-k{X), r/i D a = 772 D a. In other words, /j^ 771 n • and J-^r]2 H ■ 
define identical integral operations from Arn-k{X) to Aa^pt). 

It makes sense to ask the following question. 
Question: Arei*Z(s') = Ce{g*F)n[X] (indZz[s)nz{s) = -J2v,^z '^iVi*{ceiC)<^ 

The following proposition answers the question affirmatively. In order to 
apply the current discussion to the explicit enumeration problem in section |S1 
we generalize the setting slightly. 

Let X be a purely 771 dimensional reduced complete scheme as above. Z d X 
is a closed sub-scheme of X. 
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Proposition 9 Let E,F be two rank e vector bundles on X. Suppose that a : 
E F is a bundle morphism on X isomorphic off Z , and that sq : X i-^ E is a 
global section o/E inducing the global section o/F, s — cr(so) : X t^F. Accord- 
ing to proposition^ there exists a union of irreducible cones U^g/^ji 2... .njCp^ 
supported over Z such that Z(s) = Z{so) U Ui>o7rE(Cp; fl so{X)). 

Let L — IJi<p<^ Ip be a partition of the index set I into disjoint subsets 
Ip C /. Consider the r-consecutive scheme theoretical blowing ups of X along 
the strict transformations of Uig/p7rE(Cp. fl sq(X)), and denote the resulting 
blown up scheme by X. Let f : X ^ X to be the r- compositions of blowing 
down projection maps. 

Let D = f~^(Z{s) f] Z) (Z X be the exceptional Cartier divisor in X. Let 
s' : X : f*F (E) 0{—D) be the residual section which maps to s through f*F <S) 
0{—D) i—t f*F. Let i : Z{s') ^ X be the inclusion map, then 

Ce(/*E) n [X] " l,Z{s') e An-e{X), 

i.e. they define the same cap product operation from Ae{X) to Ao{pt) = Z. 

Even though s' is not dhectly related to sq and E, the cycle Z(s') still 
defines a version of localized top Chern class "localized" in Z{f*s) away from 
D. The proposition implies that its image under the push-forward morphism i^ 
is numerically equivalent to Ce(/*E). 

Proof of proposition El The main idea of the proof is to construct an ambient 
space containing X, some auxiliary vector bundles and sections which are used 
to relate both sides of the equality. Define Y = P(E ® C) and let Try : F 1— > X 
denote the projection map. Through the map v ^ (v, 1) the total space of 
the vector bundle E can be viewed as an open subspace of Y , which is the 
complement of the closed hypersurface P(E) CY at infinity. Thus, P(E) can 
be viewed as the compactification at infinity of E C P(E ® C). 

Consider the hyperplane line bundle on Y , denoted as H. Then the pro- 
jection map E © C C over X induces a section of H vanishing exactly at 
P(E). Then [P(E)] G A.{Y) is equal to ci(H) n [Y]. On the other hand, the 
zero section s-e,{X) embedded in E C F can be viewed as the zero locus of a 
canonical section of tt^E ® H determined by the bundle map E © C 1-^ E. Thus 
[sE(X)] = Ce(7r^,E©H)n[r]. 

The composition of E ® C 1— > E and cr : E 1-^ F induces a tautological section 
s of TTyF © H on y. The following lemma characterizes its zero locus Z{s). 

Lemma 12 Let Cp denote the algebraic sub-cone ofF corresponding to Ker{a). 
Then Cp can be identified canonically with a locally closed sub-scheme ofY and 
Z{s) CY is the closure ofCp, P(Cp 1), in Y. 

Proof of the lemma: A point in Y = P(E © C) is inside Z{s) if and only if the 
corresponding ray in E © C maps to zero under E®Ci-^Ei-^F. In other 
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words, when the ray is in the direction inside the cone Cp © 1 corresponding to 
the kernel of E ® C F. So Z{s) = P(Cp © 1). □ 

On the other hand, the space Y can be viewed as 1-plane Grassmanian 
bundle of E © C over X. Viewed as a universal object, one may use it as our 
playground to prove proposition |51 

Firstly write Cp as Uo<i<,iCp. with Cp^ = se,{X). Then Uig/Cp. = Cp — 
Se{X) is a union of irreducible sub-cones and G — P((Uie/Cp.) © 1) defines a 
closed sub-scheme of Y. 

Notice that G = Uie/P(Cp; © 1) and we may set Gi = Uie/,P(Cp^ © 1). 
Then we may write G = Ui<;<rG'/. It is obvious that Z{s_) = se{X) U G. 

Secondly one blows up Y consecutively along (the strict transformations 
under previous blowing ups of) Gp,l < p < r, following the exactly the same 
blowing up orders to construct X from X. Denote the resulting scheme ''^ Y 
and denote the union of the resulting exceptional Cartier divisors Dy- Denote 
the composite blowing down map Y i-^ Y hy fy- Because G C Z{s) and the 
sub-scheme G has been blown up consecutively to get Y, the pull-back section 
{fy)*s is divisible by the defining section of Dy. Let s' denote the residual 
section in (/y)*(7r5>F (g) H) (g) 0{-Dy). Then by proposition |H1/yS is the image 
of s' under {fy)*{7rpF (^U) (g) 0{-Dy) ^ (/y)*(7r^F ® H). 

Consider the closure of se{X) — G in Y, which is nothing but the strict 
(proper) transformation of s^iX) C Y under the composite blowing ups. We 
denote the resulting scheme by R. Because s' is the residual section of {fy)*s 
vanishing on i? U Dy, it is clear that the zero locus of s' in Y, Z{s'), is equal 
to R, and is of codimension e in Y . The section s' may not be regular since 
R may not be always smooth. Nevertheless by example 14.3.1. on page 251 of 
[F], when [.^(s')] = mi[ni], we know that [Z(s')] = X^i^jf^i] ^i^^i < lUi. 
But its zero locus R = Z{s') is birational to se{X) ~ X, the initial base space. 
Because X is reduced, so is R, then [R] — mlRred] with m = 1. Thus we may 
still conclude that Z(s') = [R] without the regularity assumption '^^ on R. Let 
in denote the inclusion : R ^ Y. Then i^^R] = iR*[Z{s')] = ii^,Z(s') = 
CeifpinpF H) ® Oi-Dy)) n [Y]. 

Thirdly the bundle map E © C i-^ E on X induces a tautological regu- 
lar section Stauto of TTyE (g) H on F vanishing at s^iX) C Y. The pull-back 
section {fy)*Stauto of (/y)*(7r5>E © H) defines a zero locus Z{{fy)*Stauto) = 
{fy)~^{Z{staiito)) = {fY)~^{sE{X)). Because none of the sub-cones Gi we 
blow up is contained in se,{X) — Cpg, the sub-scheme fy^isEiX)) can be iden- 
tified with the closure of se{X) — G in F, which is nothing but R. By the same 
reasoning as above, we have 

Ir4R] = iBAZiifY)* Stauto)] = iB.*Z{{fYy Stauto) - Ce ( (/y ) * (tT^E © H)) fl [Y]. 

^^We have skipped the dependence of Y on the choices of the blowing ups. 
''^Nevertheless, R is still of the right codimension and is regular on a dense open subset. 
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Fourthly the section so{X) C E C P(E © 1) can be viewed as a sub-scheme 
in Y, denoted by the same symbol. Because tte,\so{x) ■ so{X) i-^ X induces 
an isomorphism and so{X) n P(E) — (P(E) is at infinity), the hyperplane 
line bundle H i-^ K is trivialized over so{X) by its cross section which vanishes 
exactly on P(E). So li\gg(^x) — C, and tt^E H|sq(x) = E. Then under the 
Gysin homomorphism the sq pull-back of the formula Ce(7r^E (g) H) n [Y] = 
[se{X)] e A.{Y) by s*o : A.iY) ^ A.-e{X) becomes cjE) n [X] = s*o[X] G 
A.{X). 

Next we construct an embedding of the blown up scheme X into the blown 
up projective bundle Y . 

One notices that the intersection so{X) nP(Cp. © 1) lies inside the cone Cp. 
and is equal to so{X) n Cp.. By corollary 7.15. on page 165 of [Ha] and the 
subsequent definition, the strict transform of a closed sub-scheme of a scheme 
theoretical blowing up along a given blowing up center can be identified to be 
the blowing up of this sub-scheme along its intersection with the given blowing 
up center. Thus one finds that the closure of sq{X) — Uig/Cp. inside Y is 
isomorphic to X, the consecutive blowing ups of X along strict transforms of 
the forms 7rE((Uig7, CpJ n so{X)) with I = 1,2, ■ ■ ■ ,r. By abusing the notation 
slightly, we fix such an identification and still denote the resulting sub-scheme 
of Y by the same symbol X. 

We have established the following crucial facts after identifying the strict 
transformation of so{X) in Y with X , 

(i) . HI^^C. 

(ii) . Dy\j,=D. 

(iii) . (/y)*(7r^F®H)®0(-i?y)|^ =/*F®0(-i?). 
and 

(iv) . The sections s', s' of the vector bundles in (iii) are compatible. Namely, 

Set ij^ : X Y and set i : Z(s') i-^ X to be the inclusion maps. 

Then we may conclude that for all a G Ae{X) the following identification 
argument: By using (ii)., (iii)., the projection formula of Chern classes (see page 
3.2.(c), page 50 of [F]) and the relationship between the global and the localized 
top Chern classes of (/y)*(7r5>F ® H ® ©(-Dy)), 

ixA^eirF ® 0{-D)) na} = z^^(c,(i^(/y)*(7r;.F ® H ® 0{-Dy))) n a) 

= Ce((/y)*(^;.F ® H ® 0{~Dy))) n [Y] nij,^a = ifl,Z(s') nij,^a. 

And by the defining formula of the localized top Chern class of s' and the 
concluding equality of the second and the third statements on page 1411 

= iR*{s')-[y] r\ix,a = iuAR] n ix,a = (ce(/y(7r5>E ® H)) n [Y]) n i^^a. 
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Then by projection formula of Chern classes again, 

= Ce((/y)*(^^E ® H)) ni^^a = Jce(^^(/y)*(7r^E ® H)) n a}. 
Then by (i). above we know Hlx — C, so finally the above expression 

Because X ^ pt factorizes as X Y ^ pt, this implies that 

/ c,(r^®0{~D))r\a^ f Ce(rE)nz^,ae 

Jx Jx 
for all a G Ae{X). 

Therefore Ce(/*F®0(-i:>))n[X] = Ce(/*E)n[X]. The proposition is proved. 

□ 

Remark 8 In the proof of this proposition, if we have the knowledge of the 
injectivity Am-e{X) ^ Am-e{Y), then our argument implies a stronger 
result that Ce(/*F 0(-D)) n [X] = Ce(/*E) n [X] £ Am-eiX). In our pa- 
per 's main application to the algebraic family Seiberg- Witten invariants, the top 
Chern classes are paired with other cycle classes and then pushed-forward to 
Aoipt) to form algebraic family Seiberg- Witten invariants. Our result ensures 
that one may replace Ce(/*F (g) 0{-D)) by Ce(/*E) whenever Ce(/*F (g) 0{-D)) 
appears in an integration of the top intersection pairing. For this purpose, one 
may view them as "equal" without causing potential confusion. 

There are many different blowing up sequences which can bring Ui>oP(Cp. © 
1) into an exceptional Cartier divisor. If one chooses to blow up the whole 
Ui>oP(Cp; © 1) in P(E © C) all at once, the proposition implies that Ce(F) fl 
[X] — Ce(E) n [X] is equal to the push-forward of the local contribution of top 
Chern class from Z — Ui>osupp(Cp. ) into X. If one chooses to group various 
irreducible P(Cp; © 1) into different sub-schemes and blow up consecutively, 
one may apply proposition |S| and lemma ITTI inductivelv and get a sum of cycles 
supported in Z = supp{Ui^oCp. ) . It is natural to wonder if the result is invariant 
to the various choices of the orders of the blowing ups. 

A corollary of proposition |51 is the following, 

Corollary 2 With the same notations as in proposition\^ the expression X]i<i<e(~-'^)'~^'^e-«(-^)'~' 
D'^~^r][D] is numerically equivalent to {c{F\z{s)nz) ^s{Z{s) Z, X) r\[X]}m-e 
and is therefore independent to the choices of blowing up processes. 

Proof: Let / — IJi<i<r ^ partition of the index set I and let 

X = Xr^ Xr-1 ^ Xr-2 ^ ■ ■ ■ Xl ^ Xq = X 
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be the sequence of blowing up processes where the /— th blowing up Xi ^ 
Xi-i is centered at the strict transform of 7rE(son(Uig/, Cp.)) under i-^ Xq- 

First we notice that the section sq does not intersect with the infinity of 
the projective bundle P(E) C P(E © 1) and therefore sq n (Uje/, CpJ = sq n 
(Ui6/,P(Cp. © 1)) for all 1 < / < r. 

Let us fix a few notations. Let hi : X i-^ Xi he the blowing down map from 
the final (r— th blowing up) to the l—th intermediate blowing up oi X. Let Di, 
1 < I < r denote the exceptional divisor of Xi i-^ indexed by the subscript 
I. Let Di denote its pre- image hf^{Di) C X. 

Then by an induction argument, proposition|Slimplies the following identities 
on the Chern classes, 

CeCh*F ® ®,<i^ih*Oi-D,)) n [Xr] - CeCh'oF ^ ®j<ih*0{-Dj)) n [Xr] 

l<i<e 

for \ < I < r. If we sum up all these r equations, a simple cancellation of 
the intermediate terms leads to the final equation 

ce(/iSF)n[x]-ce(/iSF®®i</<,o(-A))n[x] = E (-i)'"'ce-.(/iSF®®j<,-iO(-^j))nA'"'n[A]. 

l<i<r l<i<e 

By realizing 0{D) = ^i<i<rO{Di), the left hand side of the identity is 
Ce(h^F)n[X]~CeCh*F(g)0{-D))n[X]. Thus the right hand side can be identified 
with Ei<i<e(-l)'~^Ce-»(/*F) n D'-^ n [D] by the well known property on the 
top Chern class. On the other hand, proposition |51 has implied that the push- 
forward of the left hand side under X X is numerically equivalent to Ce(F) n 
[X]— Ce(E)n[X] and therefore is independent to all the grouping and the ordering 
choices involved in the blowing ups of 7rE(so H (Ui>oCp.)) C X. In particular, 
we may take I — Ii,r = 1 to be the single partition of / and the f : X X is 
constructed from X by a single blowing up centered at 7rE(so D (Ui>oCp. )). In 
this case, the identification of fJo* Ei<i<e(-l)'"^Ce-i(/*F) nD*-i n [D] with 
the local contribution of top Chern class {c{F\z(s)nz)^s{Z{s)r)Z, X)r\[X]}„i^e 
is the direct consequence of lemma 1111 □ 

Remark 9 An alternative way to prove corollary and show that it is inde- 
pendent to the ordering of the blowing ups is to notice that f{D) is always equal 
to Z{s) C\ Z no matter which blowing up sequence we choose. Then by realizing 
X;j>o(-l)*"^-D'-i = s{D,X) and by using proposition 4.2.(a) of^ [F], 

f.s{D,X) = deg{X/X)s{f{D),,f{X)) = 1 • s{Z{s) n 
one may identify /,(c(/*F) n (E»>o(-l)'"^^*"M-D])) ^ith (c(F) n s{Z{s) H 

z,x). 

■^^ Cited in proposition ^3 
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The observation in remarkl^will be used in proving proposition lKil in section 

EH 

4.1 Some Observation about Residual Intersection For- 
mula of Top Chern Classes 

In this subsection, we consider the foUowing geometric setting. Let X be a 
purely m dimensional scheme and let E be a rank e vector bundle over X. 
Suppose that Eq is a rank cq sub- bundle of E with a section sq : X 'Eq, and 
suppose that we have the following bundle short exact sequence, 

Eo E E/Eo ^ 0. 

The section sq and the bundle injection Eo E induces a section s : X i-^ E 
and we know Z{sq) — Z{s). 

We raise the following question: 
Question: How are the residual intersection formulae of the top Chern classes 
of Eq and E related to each other? 

More precisely, let Zi, Z2, • ■ ■ , Zk be a finite number of closed proper sub- 
schemes of X. One may blow up the strict transforms (under the previous 
blowing ups) of Z{so)r\Zi, 1 < i < k consecutively and get a residual intersection 
formulae of top Chern classes of Eg. On the other hand, we may blow up the 
strict transforms of Z{s) D Zi, 1 < i < k consecutively and get the residual 
top Chern classes of E. Because Z{so) = Z{s), we expect these two residual 
intersection formulae to be closed related. This is the content of the following 
proposition. 

Proposition 10 Let X denote the scheme repeatedly blown up from X centered 
at the strict transforms of Z{so) C] Zi, 1 < i < k and let f : X t-^ X denote 
the composite blow down projection map. Let D = f-^{UiZ, n Z{so)) be the 
exceptional Cartier divisor above UiZi D Z{so) — UiZi n Z{s). Let (/*So)' o-nd 
(/*s)' denote the residual sections in /*Eo ® 0{—D) and /*E (g) 0{—D) of 
f*so e r(l,/*Eo) and f*s G r(X,/*E), respectively. 

By proposition\^ there is a residual intersection formula of the localized top 
Chern class o//*Eo, 

Z(/*so) = Z((/*so)') + J2 (-i)'"'ceo-.(Eob) n D^-^ n [D]. 

l<2<eo 

Suppose we cap the above formula with the top Chern class Ce-eo (/*(E/Eo)|£i), 
one gets the corresponding residual intersection formula of the localized top 
Chern class of f*s, 

Z[f*s) = Z{{f*s)') + (-i)-ice_.(Eb) n n [D]. 

l<i<e 
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Proof of proposition^! Recall that (see [F] page 244 and proposition 6.1. (a) 
page 94), Z(/*so) is equal to {c(/*Eo) n s(Z(/*so), ^)}m-eo (we have skipped 
the bundle restriction notation of /*Eo to Z{f*so) to simplify the notation). 
By proposition 13 of [Liu5], {c(/*Eo) n s{Z{f*so),X)}m-eo+r = for all neg- 
ative r £ — N, i.e. the localized contribution of top Chern class is the lowest 
degree term of the cycle class formed by the total Chern/Segre classes. Because 
Z{f*SQ) = Z{f*s), we may compare it with^'' 



{c(/*E)ns(Z(rs),l)},„„e = {c(/*Eo)nc(/*(E/Eo))ns(Z(/*s),l)},„_e - {c(rEo)nc(/*(E/Eo))ns(Z(/*so),X)},„_e 

= ^{c(rEo)ns(Z(/*So),l)}„_,„_(e-e„)+r-nc,(/*(E/Eo)) = ^ {c(/*Eo)ns(Z(/* Sq) , 1) }m-eo+r' nc,, + (,_,„) (/*E/Eo) . 
r>0 r'> — (e— eo) 

Because E/Eq is of rank e — eo, Cj./+(e_eo)(/*(E/Eo)) = for all r' G 
N. So by the vanishing of terms with grades m ^ cq + r' for r' < in 
{c(/*Eo) n s{Z{f*so),X)} the above sum is reduced to a single term and the 
result is nothing but the cap product of {c(/*Eo) fl s{Z{f* sq), X)}m~eo with 

Ce-eo(rE/Eo). 

The same discussion can be applied to Z((/*so)') and Z((/*s)') as well. 
Then the correspondence of the two formulae follows as the correspondence 
under capping with Ce_eo(E/Eo) has been shown to hold for two out of the 
three terms. □ 

Remark 10 When there is only one Z = Z\ and X is the blown up of X along 
ZinZ{s), the direct proof of the equality o/Ce-eo(/*(E/Eo)|_D)nX;i<,<eo(-l)'~^Ce„_,(Eo|r,)n 
D'-^ n [D] and Ei<j<e("l)*"^Ce_,(E|i5) n D'-^ n [D] follows from the identi- 
fication with the localized top Chern class contribution ofZr\Z{s) as was done 
in lemma \Tl\ When more than one Zi is present, one may adopt the similar 
argument in the proof of corollary\^ and lemma \Tl\ to identify them directly. As 
there is no new idea involved, we leave the details to the readers. 



5 Residual Intersection Formula and Inductive 

Blowing UpS of X = P{y canon) 



We follow the same notations as in [Liul], [Liu3] and [Liu5]. Let 'M.{E)E = 
X]i<„ TOi-Ei be the sum of the exceptional divisors Ei with multiplicities m^, 
1 < i < n. To simplify our discussion, we require that rrii < m.j for all i < j. 

As in [LiuS], we take (^>v„,„„„w,„„„„ , Vca„on, Wcano«) over Af„ x T(M) 
to be the canonical algebraic Kuranishi model of the class C — lsA{E)E with 
respect to /„ : M„+i ^ M„. We take the initial total space of our discussion 

^^We have changed r to r' = r — (e — eg) in the second hne of the equalities. 
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flg.4 

a chain- like admissible graph with three connected components and 12 vertexes 

to be X = Pm„xT(m)(^ canon)- This space parametrizes all the curves in the 
non- linear system of C along the family M„ x T{M). 

Recall from section |21 that the universal space M„ allows a stratification by 
the admissible strata Yr, T G adm{n). We consider the finite set of admissible 
strata satisfying the Special Condition first stated in [Liu5] section 6.1: 

For all the type / exceptional classes ei, 62, • • • , e„ of Yr, 
either 

(i) . (C - M.(E)E) ■ e, < 0, i.e. M{E)E • > 0. 

<> or 

(ii) . the condition e| = — 1 holds, i.e. is a type / — 1 class. 

This maximality special condition means there is no "redundant" type / 
classes which pair non-negatively with C — 'M.{E)E. 

Recall from section El that the notation adm{n) denotes the finite set of all 
n-vertex admissible graphs T . We introduce a few subsets of adm{n) here. 

Definition 6 Let A(n) C adm(n) denote the subset of adni{n) consisting of 
all n-vertex admissible graphs satisfying the special condition above. Let 
adm2{n) C adm{n) denote the subset of n-vertex admissible graphs satisfying 
the condition that each vertex has at most one direct descendent. 

The graphs in adm2{n) may have more than one connected component. 
Each component looks like a chain of vertexes connected by a chain of arrows. 
We will refer to them as chain-like admissible graphs in the following discussion. 

Firstly we point out that the union of the closure of all such strata Yp, 
r e A(n), form a large closed subset of M„. 

Proposition 11 The closed subset UreA(n)-{7„}^(r) is of at least complex 
codimension two in Af„. Its complement can be expressed as Urgp^r for some 
P C adm2{n). 

Proof: Firstly, we know that A(n) ^ because the admissible graph 7^ with 
no one-edges is in A(n). 

''^See fig. 4 for an example. 
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We know that each Y(r) is closed, so UrgA(n),r7^7„^(r) is a finite union of 
closed sets and is closed. 

We observe that if for some i < n, the i-th vertex of F contains more than 
one direct descendent vertex, then the intersection pairing of — Ei — Ej^ 
and C — 'M.{E)E is negative because the assumption rrii < rrij, for i < j, 

e, ■ (C - MiE)E) = (E, - ^ S^-J . (C - ^ m^Ek) = "i, - ^ m,. < 0. 

ji k ji 

If the index i has exact one direct descendent in F G adm{n), denoted as j, 
then the intersection pairing of this ~2 class = Ei — Ej and C — 'M.{E)E is 
rrii — rrij < 0. 

Take an arbitrary F ^ adm2{n), then there must be some index i < n such 
that the i—th vertex contains more than one direct descendent in F. Given 
the graph F, one may construct the type I exceptional classes associated to 
it following the recipe in section |21 Given any index i, 1 < i < n, let ji be 
the indexes of all the direct descendents of i in the graph F. Then take = 

Among all such e^, 1 < i < n, consider all the type / classes e^. , 1 < i < p (for 
some p depending on both F and 'M.{E)E), attached to F which have negative 
pairings with the given C — M(£')£'. Each Cfc. is represented by an effective 
fiberwise divisor in the fiber algebraic surfaces of M„+i i— > M„ over a smooth 
locus l"(Fe^.) with a complex codimension"'^ equal to the number of direct 
descendents of ki in F. This locus is usually called the existence locus of efc. . 

By proposition |2| in section |21 one can construct an admissible graph Fq 
from efc. , 1 < i < p, satisfying ek^ ■ ekj > for i 7^ j. Then by the corollary 
of proposition 0] and remark [S] we have l^(Fo) = ^i<i<pY (T ) and l^(Fo) is 
the locus in M„ over which e^j, Cfc^, • • • , efc^ co-exist as effective curve/divisor 
classes. 

Because these e^^ are effective over Yy, so we know that F is a degeneration 
of Fq, i.e. F < Fq, and Yp C ^(Fo). By the construction of Fq, all these 
Gfci , 1 < i < P are the only type / exceptional classes associated to Fq which are 
not —1 classes. Therefore it satisfies the special condition and Fq C A(n). 

Thus we conclude that every stratum Yr, T ^ adm2{n), must be contained 
in UreA(n)-{7„}^(r)- 

Secondly, we separate into two cases to determine the dimension of UreA(n)-{7„}y(r). 
If all the singular multiplicities are equal mi = m2 = • ■ • = m„, then C—'M.(E)E 
has vanishing pairings with all the —2 type / exceptional classes of the general 
form Ei — Ej . The admissible graphs in adm2 {n) are exactly those graphs whose 
associated type I exceptional classes are either —1 or —2 classes. In this case, 
the codimension of UreA(n)-{7„}^(r) is exactly two because all the codimen- 
sion one admissible strata are parametrized by some very simple graphs in 
adm2{n). The index set P can be taken to be the whole adm2{n). 

49= codimcT'. 

^"Indeed, graphs with a single one-edge. 



48 



If there exists a pair of singular multiplicities < rrij for 1 < i < j < n, 
then C — 'M{E)E ■ {Ei — Ej) < 0. Consider the admissible graph Tij with 
a unique one-edge starting at the i— th vertex and ending at the j— th vertex. 
Apparently it belongs to adm2{n). Because < rrij, this graph F^j also 
belongs to A(n). In this case, codimension of UreA(n)-{7„}^(r) is one. The 
index subset P is then chosen to be the proper subset of adm2 (n) , removing all 
the chain- like admissible graphs of the type Ti_j with single edges from i to j, 
for all the pairs rrii < rrij, i < j. □ 

In the paper [Liu4], we have considered the set Q and describe a curve- 
counting scheme based on Q. In our current setting of type / exceptional classes, 
define Q to be the finite set of all the classes Ei — X]i<j which pair negatively 
with C — 'M.{E)E. The Set Q encodes all the possible type / exceptional classes 
which can appear above the family M„+i i-^- M„. 

Recall the definition of the type / exceptional cone over a point b e M„, 

Definition 7 Let b be an arbitrary point in Mn, define the type I exceptional 
cone over b, £Cb{C — M(£^)£'; Q), to be the real cone in i?^'^(M„_|_i j;,, R) gen- 
erated by all the type I exceptional classes effective over b which pair with 
C - M.{E)E negatively. 

According to proposition 4 of [Liu4], the cone is always simplicial, and we 
call the primitive generators at the 1-edge the extremal generators of the cone. 

Because the fiber bundle M„-|_i i— > M„ has no non-trivial monodromy, one 
can discuss about the change of the cone un-ambiguously. The variation of 
£Cb{C — 'M.{E)E;Q) with respect to b gives us important information about 
how to organize the admissible strata Ir, T G ^{^)- 

Given a Y{T), T € A(n), the type / exceptional cone £'Cf,(C - M{E)E; Q) 
may vary when b specializes to the boundary points Ur/<-r 

Let Cr denote the type / exceptional cone £Cb{C — 'M.{E)E; Q) constant for 
all b e Yp. There is a distinguished locally closed subset Sr C Y{T), Sr (should 
be denoted by Sc^. if we follow the notation in [Liu4] ) over which the exceptional 
cone SCb{C — 'WL{E)E; Q) = Cr remain unchanged. 

Because for all b e Ip', their ECb{C — M.{E)E;Q) remain constant 
Sr itself is a union of admissible strata and one may write Sr formally as 
^rIJvnSr#0^r'- 

Lemma 13 The union UreA(ri)^(r) — Y^^ UreA(n)-{7„} Y(T) C M„ is equal 
to the disjoint union IJreA(n) "^r- 

Proof: Following the proof of proposition IllL for all Yr over which at least 
one type / exceptional class pairs negatively with C — M(£')£', Yp C S'po for 
some unique Fg constructed (in the proof of proposition 1111 through the usage 
of proposition |3Jl by the co-existence of different type / curves. 

Which may be different from Cr though. 
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On the other hand, an effective type / exceptional class pairing negatively 
with C — 'M.{E)E above Yp still remains effective and pairs negatively with 
C — 'M.{E)E over the boundary dYp = Y{r) — Yp. But it may break into more 
than one irreducible component. This implies that over any such degenerated 
stratum Yp' C Y{T) there must still exist at least one type / class pairing 
negatively with C - M{E)E. 

This shows that UrcA(n)^(r) C UrgA(n)'S'r- The opposite inclusion follows 
from the inclusion Sr C r(r) for T G A(n). Finally 5r n S'r' = if T ^ T' in 
A(n). It is because Cr ^ Cp' and by definition of Sr, they can not overlap. So 
the union is a disjoint union. □ 

Among all such Sr, T G one may introduce a partial ordering as 

has been done in [Liu5] for a slightly more general setting. The partial ordering 
induces a partial ordering on the corresponding graphs in A(n), denoted by the 
same symbol. 

Definition 8 Let ri,r2 G A(n). The graph Ti is said to be greater than T2 
under the partial ordering )~ , denoted as Ti >- T2, ifCr^ C ■ 

Please refer to page|551 fig. 7 for an example. In that example, the smaller 
cone is generated by Ei — E2 — E3 - E7, E2, E3, E4, E5, Eq, E7. The larger 
cone is generated by Ei — E2 - E3 — E^ - E-j, E2 — E5 ~ Eq, E3, Ei, E5, Eq, 
Et. 

A sufficient condition to check whether Fi >- T2 is the following, 
Lemma 14 Suppose that Sr-^ — ^(ri) intersects with Sr., non-trivially, then 

ri^F2. 

Proof: The follows from the fact that the cones get larger under degenerations 
of points from 6 G S'pi to G S'ps ■ 1^ 

Our goal is to study the local contribution of the algebraic family Seiberg- 
Witten invariant over UrgA(n)^(r) f^nd decompose the algebraic family Seiberg- 
Witten invariant AJ^SW m„+ixT(m)>->m„-/.t(m){^, C — 'M{E)E) or the restricted 
version ^^5WM„+ix{ti.}^^Af„x{ti}(l, C - M{E)E), for some tL G T{M), into 
the various excess local contributions from UrgA(n)-{7„}^(r) and the residual 
contribution from M„ — Ur6A(n)-{7„}y(r) based on the following two simple 
but fundamental observations, 

Observation 1: The family algebraic Seiberg-Witten invariant is defined by 
the push-forward into Ao{pt) of the cap product of a certain power of ci(H) 
(determined by the dimension formula) with the top Chern class of the canonical 
obstruction bundle Ctop(H ® TTp^T^^^^^^^^W canon)- 

Observation 2: The residual intersection formula of top Chern class allows us 
to decompose the total invariant contribution into the local contribution to some 
closed subset of X — Pa/„ xT(m) (Vcanon) and the residual contribution. The 
residual contribution again involves the top Chern class of a modified bundle 
over a blown up space. 
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A direct but probably naive approach is to set Z = ir^ (UrgA(n)-{7„}y(r)) C 
X, the pre-image in the P(Vcanon) of UreA(n)-{7„}^(r), and then apply the 
residual intersection formula (proposition|Sland lemma [TT|l to the vector bundle 
E = VL® TT^Wcanon, the scction s = Scanon and Z n Z{scanon)- The apparent 
drawback of this approach is that the local contribution of the set Z{scanon) H Z 
to the family invariant is very hard to enumerative directly, due to the compli- 
cated geometric structure of UrGA(n)-{7„}5^(r), Z and therefore Z(scanon) C\Z. 

Instead we construct a more refined consecutive blowing ups of sub-schemes 
in X and make use of ^(r) as the co-existence locus of all the type / excep- 
tional classes e^, 1 < « < n effectively. In section 6.1, theorem 4 of [Liu5] we 
have demonstrated that (under some additional special assumption the local 
contribution of the family invariant to X Xm„ ^(r) can be identified with the 
mixed family invariant of C — M(_E)i? — X]i<i<p over ^(r). This motivates 
us to consider the following refined approach in section T^. II 

5.1 The Repeated Blowing Ups of Sub-Loci in X 

The element 7„ is apparently the largest element under >- in A(n). Over the 
open top stratum the type I exceptional classes are the —1 classes i?i,l < 
% <n and the exceptional cone Cy,^ it generates is the smallest. 

List all the F £ A(n) — {7„} and they form a finite graph (each F G A(n) — 
{7n} being a vertex in the graph) under the partial ordering >-. For all F G 
A(n) — {7ra}, we consider the fiber product X x ^(r). 

By definition the family moduli space M.c-'m.{e)e over M„ xT(Af) of curves 
dual to C - M.(E)E collects all the curves within the fibers of M„+i x T{M) ^ 
Mn X T(M) which are dual to C~'Ml{E)E. When we use the canonical algebraic 
Kuranishi model, Z{scanon) = Mc-m{e)e for Scanon e F(X, H (g) 7r^Wca„on) 
(for the definitions of Scanon, '^canom please consult section 5.1 of [Liu3] and 
section 5, proposition 9, 10 of [Liu5]). So A^c-m(_e)_e can be viewed as a sub- 
scheme of X and the inclusion Z{scanon) C X induces the natural projection 

map to Mn. The schemes Z{Scanon) n {X Xm„ Y{r)) = Z{Scanon) Xm„ Y{T), 

F e A(n) — {7,1}, are sub-schemes of Z{scanon) and the ultimate goal is to 
enumerate the residual contribution of (t^ G T{M)) 

^J^5>VM„+,x{t,}^Af„x{tu(l'^-M(i?)£^) - ci(H)P«+™"'=-v™-™"'=-w_ 
or 

ATSWm,^^,^t(m) ^m^xt(m){1, C-M{E)E) = ci(H )p«+'-°"^^^-°"''-°"^^^-° "nctop(H^7r^W,a„,„), 

^^See theorem 4 of [Liu5] for details. 
^''Generated by Ei, E2, E3, • ■ ■, En. 
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outside UrGA(n)-{7„}^(scanon) X A/„ ^i^) and show that under some addi- 
tional assumption on , the residual contribution localizes to lie above the open 
sub-space X x m„ Y-i^ ■ 

We achieve this by blowing up inductively along the various loci Z{s canon) 'x m, 
Y{T) (or more precisely their strict transforms under the previous blowing ups), 
starting from the minimal T under >- and running in the reversed orders of >-. 
We will discuss extensively regarding the ambiguities involved in the orders of 
the blowing ups and how "doesn't" it affect the enumeration process. 

Suppose that Y{r2) C i^(ri), ri,r2 e A(7i), and then Z{scano7i) Xm„ 
F(r2) C Z{scanon) X M„ ^(ri), 3 • If is a propcr sub-cone of Cpa, 
then Y{T2) — can never intersect Sr^ non-trivially. Otherwise at any of the 
intersection points the type I exceptional cone is , by the definition of ■ 
But this intersection point is also in Yp^ , or can by degenerated from points in 
Ypaj i-e. it is in Y{r2) — Yr^- Thus C Cr^ (by degenerations of cones) and 
is impossible by our assumption Fi > or equivalently l^(ri) D Y(r2)- 

Therefore in such a situation the graph r2 can never >- Fi. In fact lemma 
[Hand n St^ = Y(ri) n = Sr^ 7^ imphes Ti ^ r2. 

On the other hand, we have the following lemma regarding the possible 
relationship between two admissible graphs in A(n), 

Lemma 15 Let ri,r2 G A(n) be two distinct admissible graphs satisfying the 
special maximality conditions (on page \4^ - IfY{Ti) C] Y{T2) 0, there are 
three mutually exclusive possibilities. 

(a). TiyT2. 

(h). T2>Ti. 

(c). Neither Ti >- T2 nor T2 >- ^i- But there exists a "refined" T3 £ A{n) 
such that Ti >~ Tt, for both i — 1,2. I.e. is smaller than Fi, r2 simultaneously. 

Proof of lemma 1151 This can be shown by contradiction easily. Assuming that 
neither (a), nor (b). holds, then lemma FhI implies that both Sr^ H Y{T2) = 
Sr^ n Y{Ti) = 0. Along with the fact that Sr, ("1 S'r^ = for Cr, ^ Cr^, it 
implies that 

y(ri) n F(r2) c (y(ri) - 5rJ n (y(r2) - Sr,). 

Let b e F(ri) n ^(ra). Because b^ Sr,U Sr., hntbeS^n S^, £Cb{C - 
M.{E)E;Q) contains both CtijCt, as proper sub-cones. Let Ck^, 1 < i < p 
be the primitive type / generators of the simplicial cone £Cb{C — 'M.{E)E; Q). 
Because efc. are represented by irreducible curves Cfc. ■ ekj > for i ^ j, then 
by proposition 121 one can construct a Fa £ adm{n) associated with these e^. , 
1 <i <p. By proposition^ the co-existence of these type / exceptional curves 
dual to Cfc;, 1 < i < p, characterizes the admissible stratum C ^^(ra) over 
which eki, I < i < p, are represented as smooth type / exceptional curves in the 
fibers of Mn+i x m„ Yr^ 1-^ Yr^ and all ej,j ^ {fci, ^2, • • • , kp} are —1 classes. 
By definition of SCbiC - M{E)E, Q), efc. ■ (C - M{E)E) < 0, 1 < i < p and so 
Fa e A(n). 
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By our construction of Fa, we have b £ S'pg since Cp;, = £Cb{C — M.{E)E; Q). 
It is apparent that b G S'pj n Y{Ti) — S'r., n ^r^, for i ~ 1,2. Thus by lemma 
ini Ti ^ Ts, r2 Ts simultaneously □ 

Remark 11 Because the ambiguity of choices of the point b, the graph T3 con- 
structed in the proof may not be unique. 

To apply the residual intersection theory to Z{scano7i) x a/„ ^ (r), F G A(n) — 
{7„} inductively, each Z{scanon) Xm„ Y{T) C X ^ Piycanon) determines a 
blowup center and in the following we decide the order of blowing ups by up- 
grading the partial ordering >- into a linear ordering called \=. 

(} Definition of |=: 

Initially define the current index set to be A(n). Because {A{n),y) is 
a partial ordered finite set, there must be some (maybe non-unique) minimal 
elements in A(n) which are not larger than other element in A(n) under 

(1) . List all the minimal elements in the current index set A(n) under 
the partial ordering >-. Select one of them (this introduces some ambiguity if 
the minimal elements are not unique^^). 

(2) . Remove the selected element from the current index set and list all 
the minimal elements from the residual set. Define the new current index set 
to be the residual set. Select one of the minimal elements again. 

(3) . Go back to step (2)., then repeat the above process and iterate. 

(4) . After a finite number of times, one will exhaust the whole A(n) and 
determine a sequence of blowing up centers. 

In this way we have determined a linear ordering on A(n), denoted by |=. 

The discussion right in front of lemma [TBI indicates the following: Suppose 
that we blow up the strict transforms of Z{scanon) Xm„ ^(F) following the 
reversed ordering of starting from the smallest element in A(n) — {7n}- After 
blowing up the strict transform of Z{scanon) Xm„ ^(F), in our set up we will 
never blow up any sub-locus completely lying inside Z{scanon) x m„ ^(F). In 
fact, the strict transformation of any such sub- locus will be blown up prior to the 
blowing up of the strict transformation of Z[scanon) Xm„ YiT), due to the fact 
they are smaller under the partial ordering and therefore the linear ordering 

Let us blow up X inductively along the strict transforms of the various 
Z{scanon) X Af„i^(F), F G A(n)-{7„}. Let Dt C Xr, with F e A(n), denote the 
exceptional Cartier divisor blown up from the strict transform of Z{scanon) Xm„ 
Y{T) and denote the intermediate blown up scheme by Xy- Define X to be the 
resulting scheme after blowing up all the (strict transforms of Z{scanon) Xj\/„ 
F(F), F G A(n) — {7n}) and the projection map X ^ X can be factorized into 
the compositions of the various intermediate blowing down map. 

^■^This ambiguity does not aflfect the result of our enumeration, see proposition^^ on page 

1751 
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In the following discussion, we may pull back 0{Dr) from Xr to X from 
the various birational models (intermediate blowing ups) of X. To avoid com- 
plicated notations involving the line bundle or divisor pull-backs, we skip the 
pull-back notations consistently. The reader should be able to judge from 
the context of the formula and restore the pull-back notations accordingly. 

At the end of this subsection, we introduce an index set Ip C A(n) collecting 
those r' smaller than F e A(ri) under |=. 

Definition 9 Let T G A(n). The linear ordering ^ among all the T G A(n) 
determines the ordering of the blowing ups to construct X from X . Define Ir 
to be the subset of A{n) satisfying Ir ~ {r'|r |= r',r' e A(n)}. 

The index set /r,r G A{n) — {jn} collects all the admissible graphs F' in 
A(n) — {7„} whose associated zero loci Z(scanon) Xm„ ^(r') (or more accurately 
their strict transformations) are blown up prior to Z{scanon) Xm„ ^(r)- 

We notice that Ij^ = A{n) — {7„}. The collection of index sets /pfor T G 
A(n) will be used to define the modified algebraic family invariant in the next 
sub-section. 

5.2 The Definition of Modified Algebraic Family Invari- 
ants 

In this subsection we define a version of modified algebraic family Seiberg- 
Witten invariant associated each F G A(n). Recall that in section 5.3 on page 
448 of [Liul], a version of modified family Seiberg-Witten invariant has been 
defined in the differentiable category. The modified algebraic family Seiberg- 
Witten invariant we are going to define is its algebraic analogue. 

The first step is to define a class rp G Ko{Y{r) x T{M)), representable by 
a locally free sheaf (vector bundle) on the connected space ^(F) x T{M). 

As usual we use ei, 62, 63, • • • , e„ to denote the n type / exceptional classes 
over Yp- Let e^^, 1 < i < p, be the type / exceptional classes over Ip which pair 
negatively with the class C — M.{E)E. 

As usual let Fe^.. denote the fan-like admissible graph such that the type / 
exceptional class e^. is effective and smooth/irreducible over the locally closed 
Fpe^ (consult section El for more details). 

Proposition 12 Let S^^ 1-^ y(Fej, ) be the relatively minimal fiber bundle 
associated with the type I class Cfc . = Ek^ — ^jk • 

Suppose that e^. < e^. • (C — 'h/l(E)E) < 0, then there exists an invertible 
sheaf Qk^ over'E.ki, pulled-back from Y(Te^.), an effective relative divisor Ak^ C 
Sfe; ^ Y{Te^.) of relative degree — e^. • {'M.{E)E + Cfc.) and the following short 
exact sequence of locally free sheaves, 
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ifc; ' i<;<fc. 

55 

Suppose that e\. > Ck^ ■ (C — 'M.{E)E), then there exists an invertible sheaf 

Qki pulled-back from Y{Tf,^.) , an effective relative divisor Ak^ C S^. i— > y(re^.) 
of relative degree e^^ • {'M.{E)E + e^. ) and the following short exact sequence of 
locally free sheaves on Y{Te^. ), 

jki jki l<l<ki 

jki 

Proof: The proof is almost identical to the proof of proposition 15 in [Liu5] and 
the reader can consult the cited paper for its derivation. Instead of using the 
fibrations i— > Y{re^. ), we use the fiber bundles S^^. Because the details 
of the argument is almost identical, we omit it here. □ 

The following lemma characterizes the significance of the locally free sheaf 

Lemma 16 LetMyir^^ ) denote the normal sheaf of Y {Vet,, ) C Af„. Then there 
exists a canonical isomorphism Ti}TT^:{0~^ {Eki " Ej^.)) ^ N'vir^^ )• 

Outline of the Proof: The key idea is to study the canonical algebraic family 
Kuranishi model of Cfc . , 

^ (Om„+i (Ek, - J2 Ejk, )) ^ ^°'^*C'm„+i {Ek, ) 

jki 

^ TZ\,{Oy- (EkJ) ^ 'R}n,{OM^AEk, - V-B,,.)) ^ 0. 

Ok, 

Then the lemma is a direct consequence of lemma 9 in section 6.1 of [Liu5], once 
we realize that the birational projection (see lemma 0) 2^. t— > Sfc^ induces an 

isomorphism n^TT,{Os,^{Ek, - E,,. Ej,J) ^ n^n,{0^~^ {Ek, - Ej,. E,,J). 

^^The symbol Ea;b, a < b, denotes the exceptional divisor in M„ by blowing up the strict 
transform of the (a, 6)— th partial diagonal. 
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If at least one of e/c. satisfies ef., < e^. • (C — M.{E)E) < 0, then we define 
rr = G Ko{Y{r) x T{M)) following the rationale of theorem 3. of [Liu5] and 
case II of the proof of proposition II 81 starting at page 1791 From now on we may 
assume that > e^. > efe, • (C - M (£')£') for all I < i < p. 

Recall that it was defined in subsection l3.1l definitionlSlthat the index subset 
Iki collects the indexes in {1, 2, - ■ ■ ,n} occurring in Cfc, = E^i — J2i ^jk ; i-^- 

Jki I 

ki and all its direct descendent indexes in the graph T. 
We define rr £ Ko{Y{T) x T{M)) as the following, 

Definition 10 Let eki,l < i < p denote the type I exceptional classes among 
ei, 62, • ■ ■ , e„ over Y{T) which have negative pairings with C — 'M.(E)E. Suppose 
that e|. > Cfc, • {C-M{E)E) for alll <i <p, define rr = [eiKKpTZ^TT^iOa 

^C-y ,n^E^-y e, )(^OY{r)i-El<r<k:^rEr-k,)-®l<l<pn^^.{Oa (Ek,- 

Ej, )) ® Qk, £c] e Ko{Y{r) X r(M)). Otherwise^^, set rr to be zero. 

Jki I ' 

Please compare the definition of rr with definition 0] of Vquot on page 1361 



Lemma 17 The element rr can he represented by a locally free sheaf of rank 
Ei<i<p efc, • (efc, + M{E)E + Eikjki % 



jfc, aS-ffc, l<r<ki 

The symbol Ek, nS^j used here denotes the cross section of S^, \Y(r) '-^ ^(r) 
(or Sfejy(r) 1-^ Y{T) induced by Ek^ (or iJ^J whenever e^, • e^j = I. It is taken 
to be the empty set when Cfc, • Ckt = 0. 

Proof: The lemma is a direct consequence of a collection of Oy-jr) (— X]i<r<fc, ^rEr-.ki ) 
twisted version of short exact sequences for different I, 



O^©p>.>^>l7^"^*(0- ns, ®^c-V ^ fe, S^^c- V m.E.-Y ej 

for all / ranging in I < / < p and the f c-twisted versions of the short exact 
sequences in proposition ^| The above sheaf short exact sequences are the 
derived exact sequences of sheaf short exact sequences on S^, , 1 < ^ < p, of the 
divisors Up>t>;Sfcj nS^j C S^, . They truncate to short exact sequences because 
VPTT^iOa^ T?x £ ) ~ negativity of the relative degrees 

Cfc, • (C - m{E)E) = efc, • (C - Eae/fc, "^a-Ba) on the fiber bundles. 

56lf some Efc, satisfies e^^ < ■ (C - M(£;)£;) < 0. 
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The calculation on its rank follows from deg{^l^ki/Y{^ek )) = ^ki ■ (M(i?)i?+ 
CfeJ = efc.-(Eae/fc^ maEa+ek^ &nddeg{{Y,p>,yi>^'^k,)rBkjY{T)) ^ Ep>i>;>i 

The explicit representative of rr is locally free because each summand is a 
zero-th derived image sheaf along a finite morphism onto i^(r). □ 

The inductive definitions of the modified algebraic family Seiberg-Witten 
invariants are parallel to the induction procedure in enumerating the local con- 
tributions of the family invariants. The reader who wants to find out the geo- 
metric motivation for our definition may consult section |B1 for the parallelism. 
On the other hand, the current inductive scheme is also parallel to the definition 
of modified family Seiberg-Witten invariants in the differentiable category. The 
reader may consult subsection 5.3 of [Liul] for more details. 

Recall (see section 6.5 of [Liu5]) the following definition of the partial order- 
ing > among the pairs (r, X;e. (c-M(iJ)s)<o e*)- 

Definition 11 Let T > V be two n-vertex admissible graphs and let e^, e^, 1 < 
i <n denote the type I exceptional classes associated with Yp, Yr> , respectively. 
The pair (T, J2ei-{c-MiE}E)<o ^"'^^ ^° greater than (F', Y.e'.-{c^m{E)E)<Q ' 
under denoted as 

(r, e,)»(r', 

er(C-M(_B)S)<0 e^(C-M(_E)_E)<0 

if the following conditions hold. 

(A) . For all the indexes i, I < i < n such that the type I classes over Yp, Ci, 
satisfy Ci ■ [C - M.{E)E) < 0, then e\ = e,. 

and 

(B) . There 3 at least one e'j over Y-c , e'j-{C —'M.{E)E) < but the corresponding 
Cj over Yr with the same subscript j satisfies ej ■ (C — 'M.(E)E) > 0. 

The conditions (A), and (B). imply that some new type I class which pairs 
negatively with C — 'M.{E)E shows up above the sub-locus Yr' C Yp while the 
original negative C — M(i?)i?— paired persists to be irreducible over Yp' and 
do not break up. 

Refer to fig. 5 below for an example^^. 

We abbreviate the above partial order relationship by F ^ F' if a multiplicity 
function 'M.{E)E has been fixed throughout the discussion. 
We have the following simple observation regarding ^ and 

Lemma 18 Let F > F', then F >- F'. 

Proof: The cone Cr are generated by the effective type / classes such that 
Bi ■ {C — 'M.{E)E) < and some other type I —1 classes. By our assumption 
on r > F', these persist to become e- over Fp' with e- • (C - M{E)E) < 0. 

^^To simplify the notations, the (C-M(E)E)<0 part has been skipped, this causes 

no problem when a M{E)E is fixed throughout the discussion. 
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1 




fig.5 

A pair of admissible graphs related by 3>, the graph on the right hand side is a degeneration 
from the left hand side such that E2 breaks into E2 — E3 — E5 — Eq and the union of E3, E5, Eq. 



As these e- are a subset of the generators of Cr', this implies that Cr' D Cr- 
Therefore T>T'. □ 

The set A(7i) is a finite set. Therefore there must be minimal elements (may 
be non- unique) under the partial ordering 3>. 

Definition 12 Let T G A(n) he a minimal element under Define the modi- 
fied algebraic family invariant ATSWlj^^^ ^ ^^^^ Y{r) xT{M)^Y{r) x t(m) (ctotai (rr ) , C- 

^{E)E~J2e,-{C-M(E)E)<0 '^i) ^° ^'^ ATSW m„ + iX M„Y(T)xT(M)^Y(T)xT(M){ctotal{'rr), C- 

M{E)E - J2ei-(c~M{E)E)<o^^)' where Ctotaiirr) is the total Chern class of 
rr G ^(r) X T{M) defined in definition MiA 

Let r be in A(n). Suppose that for all the elements in A(n) smaller 
than (r, X^e ■(c-M(B)£;)<o under the modified algebraic family invari- 
ants have been defined already. Set the modified invariant attached to Fr, 
^:FiSWM„+iXM„y(r)xT(Af)H^y(r)xT(Af)(ctota;(Tr), C-M.{E)E~Y^^^,(^(j_^^-^^^^^q a) 



Definition 13 Let ty,tyi he the Kq theory classes by definition MiA associated 
withV.T', respectively. Define ATSW*m^^^^ ^,^Y{r)xT{M)^Yir)KT{M){ctotai{Tr), C- 



to be, 



. + 1 X 



Y{r)xT{M)^Y{r)xT{M)ictotaliTr), C—M.{E)E 




ei-{C-M{E)E)<0 




Y (r')xT{M)^Y (r')xT{M) 

{ctotai{rr'),C-M{E)E 





e^(C-M(_E)_E)<0 
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One may argue easily that the procedure of the inductive definition always 
continues until all the elements in A(n) are exhausted. Suppose that the pro- 
cess halts before exhausting the elements in A(n). Namely, there exists no 
r e A(n) such that the modified algebraic family invariants have been defined 
for all (T' ,J2e{-{c-M(E)E)<o^'i) ^ (r> Z]e,(c-M(_E)_E)<o '^0- If is the case, 
then for any F £ A(n) that the modified algebraic family Seiberg-Witten in- 
variant is not defined yet, one must be able to find at least one F' e A(n) such 
that iT\J2e[-{C-M{E)E)<oed < (^^J2e,-{c-M{E)E)<o^^) ^nd the modified al- 
gebraic family invariant is not defined for (F', X]e' (c-M(_E)_B)<o ^i)' either. Then 
one may trace along the smaller and smaller elements under ^ (the procedure 
involves choices and may not be canonical) and it has to stop after a finite 
number of steps since A(n) is a finite set. But such a terminal graph F has 
to be a minimal element under ^ and its modified algebraic family invariant 
has been defined in definition If 21 already. This generates a contradiction and 
thus the above procedure never halts unless all the elements in A(n) has been 
exhausted. 

After a finite number of steps and the defining process has to terminate 
at 7„ e A(n). In this case one defines ^.^i5>V^,j^^^xT(M)^Af„xT(A/)(lj C' — 
M.{E)E) by the following recipe, 

Definition 14 De/ine A7^5yV^^^^^xT(M)H^Af„xT(M)(l) " to be 

ATSWM^+,xTiM)>-,M^xTiM){l,C-M{E)E)- ATSW*ictotai(Tr),C-MiE)E- ^ e,). 

reA(ri)-{7„} ei-(C-M{E)E)<0 

Definition If 41 can be viewed as an extension of definition If 31 once we realize 
that for 7 G adm{n), Y{-fn) = A/„, 7„ > F for all F G A(n) — {7„} and 
(7n,0) > (r,Ee,.(c-M(£;)£;)<oe») for all F e A(n) - {7„}. 

Remark 12 Suppose that t^ G T{M) is a point of the connected component 
T{M) (determined by the first Chern class C) of the Picard variety Pic{M). 
There is a corresponding version of "tL restricted" modified algebraic family 
Seiberg-Witten invariants defined by inserting [II] G Aq{T{AI)) into each terms 
in the definition. The resulting modified invariant is denoted by 

AJ^S^M„+iXM,,Y{r)xT{M)^Y{r)xT{M){ctotaliTr)r\[tL],C-M{E)E'- ^ a), 

e,-(C-M(_E)£;)<0 

or equivalently 

ATSWlj^^^^^^^Yir)x{tr,}^Y{r)x{ti^}ictotaiiTr),C-M{E)E- ^ e,). 

ei-(C-M(£;)£;)<0 
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When the point G T{M) is determined by an algebraic hne bundle L 
M with ci(L) = C, the "ti-restricted" modified algebraic family invariants 
enumerate the curves dual to C — 'M.{E)E resolved from the linear subsystem 
of 

Remark 13 In the earlier paper [Liu5]. we had shown that under the Special 
Condition, the dominated localized top Chern class contribution of Y(T) is 
nothing but the mixed algebraic family Seiberg- Witten invariant 

AJ^SWMn+iXMny{r)>(T{M)^Y{r)xT{M){Ctotal{Tr),C-M{E)E- ^ Ci). 

ei-{C-M.{E)E)<0 

When the Special Condition is not m,et, our definitions of the m,odified invari- 
ants indicates that there are correction terms captured by the partial ordering ^ 
besides the dominated term. 

A key proposition in proving the main theorem of the paper is the following, 

Proposition 13 Let T G A(n), then the modified algebraic family Seiberg- 
Witten invariant AFSWm^^^^^ ^^Y(r)xT{M)^Yir)xT{M)ictotaiiTr),C-M{E)E- 
X]ei (c-M(_E)_E)<o ^i) ^^''^ cxprcsscd as a homogeneous universal polynomial of 
= C-C, C-ci(Km); ci(Km)^ and C2{M) of degree n multiplied by ASW{C). 
The universal polynomial depends on the graph T and the singular multiplicities 
M.{E)E but does not depend upon the algebraic surface M. 

When r = 7„, we set Ctotai{TjJ = 1. 
Proof: As all of the modified invariants AJ^SWM„^ixT(M)^Mr,xT(M){^T^ ~ 
MiE)E) and ATSWl,^^^^^^Yir)xT(M)^Y(r)xTiM){ctotai{TT),C - M{E)E - 
Sei (c-M(_E)_E)<o r G A(n) — {7n}, are defined by inductive procedures 
based on the mixed algebraic invariants, we prove that AFiS>Vm„+i xT(M)i-»Af„ xT(m) (1) C' 
Vi.{E)E) and aU the ^J^5WM„+iXM„y(r)xT(M)H^F(r)xT(M)(ctota;(Tr), C-M(£)i;- 
X]ei (c-M(_E)_E)<o ^«)' ^ ^ A('^)j can be expressed as universal (independent of 
M) homogeneous polynomials of degree n of C-C, C-Ci(Kjvf), Ci(Kjvf)-ci(KM), 
and C2(M), multiplied by the algebraic Seiberg- Witten invariant ■4<SW(C) of 
C. 

Wc present the detailed argument for ^^5>Vm„+i x„„i'(r)xT(M)>-^y(r)xT(M)(ctotaz(Tr 
M(i?)i? — l^e..((7_M(£;)£;)<o ^-i)^ ^ ^ A(n) — {7„} and the proof for the case of 
ATSW M„+^xT{M)^M^xT{M)i)-, C - yi.{E)E) is essentially parallel. 

Recall^* that the fiber bundle projection map /„ : M„-|-i Mn can be 
constructed from Mn x M Mn through n consecutive blowing ups along 
(codimension two) cross sections of the intermediate fiber bundles. This implies 
that its pull-back to Y{T) , M„+i x m„ ^(r) Y{r) , can be constructed from the 
Cartesian projection Y{T) xM i-^ Y{T) through n consecutive blowing ups along 
cross sections of the intermediate blown up spaces. Schematically this implies 

^^Consult lemma 3.1 on page 401 of [Liul]. 
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that we may apply the family blowup formula of the algebraic family Seiberg- 
Witten invariants [Liu3] to relate ATSWM„+iXM„Yir) xT{M)>^Y(r) xT(M){ctotai{Tr),C - 
'!s/l(E)E — J2e -(c-M{E)E)<o^i) ^^'-^ mixed algebraic family Seiberg-Witten 
invariant ATSWY(r)xT{M)xM>~*Y{r)xTiM){ctotai{Tr) n ctataiC^MiE)), C). The 
bundle Vm.{e) appearing in the identity is the relative obstruction bundle 



Um(£;)£; = ®l<l<n£c-T m^E^ ® ® (/«-l:ill'(r)TM,//; 

, gotten from applying the algebraic family blowup formula n times from 

M„ X M h-^ Mn to M„+i ^ M„. The map fn-i;i\Y(r) ■ '^(r) ^ Mi is the 

composition r(r) C M„ Mi. 

We have the following simple factorization lemma regarding the family in- 
variants, 

Lemma 19 Let M x B B be a product algebraic fiber bundle over a complete 
and smooth base B and let C_ he a (1, 1) class on the algebraic surface M , then 
ATSWBxM^B{r],C) = /or 7? ^ Ao{B) and is equal to ASW{C) ■ (/^ ??) for 
rjeAoiB). 

Proof of lemma 1191 For simplicity we assume that £c has a vanishing second 
derived image sheaf^^ over T{M) x B. Consider the algebraic family moduli 
space of C_, A4c_, over B. Because the fiber bundle of algebraic surfaces is a 
trivial product, the space Mc_ is also a trivial product over B and the algebraic 
family Kuranishi models of C_ are pulled back from T{M) to T{M) x B. Let 
(V,W, $vw) be one algebraic family Kuranishi model of C_, where V,W are 
vector bundles over T{M) x B pulled-back from T{M). 

Then for rj G Ak{B), k < dimcB, the mixed family invariant AJ-SWExM^BiViQ 
can be expressed as the push-forward of 



/ ci(H)™"'='=(^-^)-i+«(*^)+'^- n ctop{w ® H) n ?/ n [P(v)] g Ao{pt) z, 

JP(V) 

into Ao{pt) = Z. 

Because P(V) is also a trivial product over B, ci(H)™"'=c(v-w)-h9(M)-i+fcp 
ctopi^ ® H) n [P(V)] = for aU fc > 0. On the other hand, when rj G Ao{B) 
the mixed invariant can be expressed as (for some & G i?) 



f ci(Hr"'=-(v-w)-i+9Wnc,„p(W|T(M)xW®H)nP(V|T(M)x{5})-/ r, = ASW{C)-[ ry. 

•^P(V|t(m)x{(,}) JB Jb 

The case when the second derived image sheaf of £c is not vanishing can be 
discussed similarly and we omit the details here. □ 

^^When we apply this lemma to the concrete situation below, this additional assumption is 
satisfied. 
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By applying lemma ^1 to our context, the above mixed invariant is equal to 

Asw{c) ■ J^JctotaiiTr) n ctotai(VM(E)) H [r(r)]}o. 

Our goal is to show that the intersection number J^^^ {ctotai{'''r)^Ctotai(^M.(E))^ 
[y(r)]}o is a universal homogeneous polynomial of degree n in terms of the 
Chern numbers C^[M], C ■ ci(Km)[M], ci(Km)2[M] and C2(M)[M]. If for at 
least one type / class efc^, 1 < i < p, the inequality e^. < e/c^ • (C — M(i?)i?) 
holds, then rr = and the mixed algebraic family invariant over ^(r) has been 
defined to be zero. 

So we may assume that e^.. > e^^ • (C — M(£')£') for all 1 < i < p. Then by 
lemma [T7I the explicit expression of the class rr enables to conclude that. 

Lemma 20 Let tt^ : Af„ ^ M he the composite projection map Af„ i—s- A/" i— > 
M to the i-th copy of M, 1 < i < n and let^^ Ea-b (for a < b) denote the 
exceptional divisor of Mn i-^ Af" associated with the {a, b)-th partial diagonal of 
Af". 

The image of the total Chern class Ctotai{Tr) under A.{Y{T)) t-^ A.{Mn) 
can be expressed as a universal degree rankcTr polynomial of the cycle classes 

TT*C e A2n-2{Mn), Ea,b G ^2n-2(M„), for a < b. 

Proof: By the locally free representative of Tr in lemma 1171 one may write 



ctotaiirr) =Ctotaii®i<i<pin^^*{OA,^iEk,-Y,E3k,))(^Qki(^^c^^ rnaEa)(E>£c)))- 

jk, a£lk. 

It suffices to show that the total Chern class of each of the locally free sheaves 

£c) is a polynomial in terms of all the flat pull-back tt*C and all the Ei-j, i < j. 

Firstly recall how the invertible sheaf *■ T{M) x Af„+i, ti S N, has been 
constructed. 

Choose a point i^,, e T{M) which corresponds to a invertible sheaf £o ^ M 
with ci(£o) — C. Consider the universal invertible sheaf Cuniv ^ T{M) x M, 
then Cuniv ^ ^T{M)xM^M^o defines the invertible sheaf £c over T{M) x M. 
To pull it back to T{M) x Af„+i, we consider the projection T{M) x Mn+i i-^ 
T{M) X A//"+i to the trivial product. By composing it with T{M) x Af"+i ^^ 
T(Ar)"+i X Ar"+i ^ (r(Af) x A//)"+i induced by T(A/) 3 {t} ^ {t} x {i^J x 
■ ' ' {^Lq} G r(Af)"+^, the pulled-back invertible sheaf is what we denote as £c 
throughout this paper. It is easy to see that the construction is independent to 
the choices of tL„ £ T(M). 

Fix the fiber bundle S^, Y{re^.^ ) for some 1 < I < p, the relative 

divisors Afc, i— > F(rej^ ) and S^, nS^j ~ Ek^ |e are (multiples of) cross sections 

I ^ki 

of the given fiber bundle t—i- Y(Te,,^ )■ For every direct descendent index 
jki of ki in the admissible graph F, the exceptional divisor Ej^,^ determines 

^"They were denoted as Ea(b) G H^{Mn,Z) at page 402, proposition 3.1 of [Liul], in the 
topological category. 
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a cross-section of 5^, i— > Y{Tek^ ) and the restriction of the invertible sheaf 
Oa {Ej), j 7^ jki , to this cross section determined by Ej^ is isomorphic to the 

pull-back of Oy(r,, ){Ermn{jk, .jhmaxUk, ■])) ^^e base. 

It is easy to see by a simple induction argument that the derived image sheaf 
TZ°TT^{0„,E, u ) = ®o<i<7n-i{OYir, for any direct descendent 

index jfc, of fc;. On the other hand, ci{£c\e,^ nSk, ) = '^^iKi^olYir,^^ )) = 
7r^^C|y-(rej. )■ combining these ingredients, the total Chern class of Tr can be 
determined and must be an M-independent polynomial in terms of the various 
'!r*C,Ei.j. etc. □ 

Remark 14 // one pulls back the invertible sheaf from Cuniv 'SCq i-^ T{M) x M 
by T{M) X Mn+i ^ (T{M) x M)""^^ which instead factors through the diagonal 

embedding T{M) x A'f"+i ^^<"1!1:^m"+i t{MY+^ x M"+i, then this invert- 
ible sheaf differs from our £c by an invertible sheaf pulled-back from the base 
T(M) X M„. // one adopts this alternative invertible sheaf and calculates its first 
Chern class, it will involves not only ci{Co) but also ci(£„„i„). On the other 
hand, the algebraic family Kuranishi model it determines can be gotten from 
(Vcanorij Wcanon, ^VcanonWcanoTi) by twisting the invertible sheaf pulled-back from 
T{M)xMn- It is easy to see that the final answer o/^^5>V^(jv/)x A/„+iH-»T(A/)xAf„ (1; 
M(i?)i?) is independent of the twisting on the algebraic family Kuranishi mod- 
els. Our choice of £c has the benefit of separating the contribution of ci{Cuniv) 
to the family invariant through the factor ASyV{C) (see remark\T^}. 

Let r e A(n). Then the type / exceptional classes eki, I < i < p, are 
effective over Y(r) and the type / exceptional classes Cj, j ^ {fci, /c2, fca, • ■ • , fcp} 
are —1 classes. Recall from proposition 0] of section |21 that the smooth locus 
F(r) is the transversal intersection of Y(re^.. ), I < i < p, where Fej.. is the 
fan-like admissible graph associated with e^. (see section Then ^(r) = 
ni<i<pF(re^ ) ^^"i '^dimcY{r)iMn) wc havc the equality of cycle classes 

[F(r)] = ni<;[F(r,,j]. 

Recall codimc^ is the number of one-edges in F. Each [y(rej. )] is an al- 
gebraic cycle class of dimension dimcMn H — - — - — Mn+i/^'n) fc^ 2n — 
codimcTe^. ■ To calculate the cycle class explicitly, there are essentially two 
equivalent methods. Either we consider the canonical algebraic family Kuran- 
ishi model of Ck^ — E^^ — X^j^. Ej^, as was done in section 6.2, lemma 9 of 
[Liu5], and YiTpk ) is the regular zero locus of the canonical obstruction bun- 
dle, so [y(rej^. )] e A2n-codimcT,^i^ [Mn) represents the top Chern class of the 
obstruction bundle and can be determined explicitly. Or one may apply the 
algebraic family blow up formula to the class e^^ = Ek^ — X^j,, Ej^, , one may 
find the top Chern class of the obstruction bundle inductively. By either means 
the answer of [F(re^ . )] is expressible as 
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\<s<codi7nc^e^. r<s— 1 

where ji < Jk Jk ' ' ' Jk ' direct descendent indexes 

of ki- 

By combining these calculations together, we find that the mixed fam- 
ily invariant AJ^SW M^+iXM„Yir)xT{M)^Y{r)xT{M){ctotai{Tr),C - M{E)E - 
X^efc ■(C-M(_E)_E)<o ^fei) '^^'^ expressed as ASW{C) times the of a polyno- 
mial expression of the various , 1 <i < j <n, Ctotal{TMn), Ctotal{fn-l,k^^k), 
and the various 7r*C. 

To determine the push- forward of the zero cycle class under Ao{Mn) i— > 
Ai,){pf^; observe that the morphism factors through Ao{Mn) ^ Aq{M^) i— > 
AQ{pt) = Z. We notice the following facts: 

(i) . the projection M„ i— > M" can be factorized as "^"^"^^ consecutive 
codimension-two blowing down maps, 

and 

(ii) . the well known blowup formula of Chern classes(see page 298, section 
15.4 of [F]), 

and the fact that 

(iii) . the exceptional divisor of a codimension-two blowing up along a smooth 
center has the structure of a fiber bundle, the projectification of the normal 
bundle of the blowing up center, 

and 

(iv) . the restriction of the exceptional divisor to itself is equal to the first 
Chern class of the tautological line bundle, and its various self-intersections can 
be expressed by the Chern classes of the normal bundle (see page 47-51 of [F] 
or page 270 of [BT] for a corresponding statement in the cohomology ring). 

By combining (i)-(iv)., we reduce the intersection numbers ofEi-j, ctotai{T^Mn), 
Ctotai{fn-i,k^Mk), TT*C in to the intersection numbers of 7r*Ctotai(TM) 

and 7r*C, 1 < i < n in Ao{M"). As the only non- vanishing pairings among 
these classes can be expressed as polynomials in terms of 7r*C^, 7r*Cnci(TM), 
7r*Ci(TM)^ and 7r*C2(TM), 1 < i < n, the integral valued intersection number 
is a degree n homogeneous polynomial of C^n[M], Cr\ci{M)nM, ci{M)'^n[M], 
C2{M)n[M]. □ 

Remark 15 When the irregularity q = 0. ASW^C) = 1 because it is the top 
intersection pairing o/ci(H) on a projective space P(V). When q > 0, the 

ASW{C) = Ea+2fc^,,a,fcgNU{0}("l)°/T(M) ^^^^ cfei = 7rT(M). ( ' V^^^ ^ 

{2C+Ci{TM))), ch2 = 7ry(M)* '^'"''^4""'"' ; depends on the top intersection pairing 
on T(M) and was calculated in [LLl], [LL2] in the topological category. Over 
here ■jtt{m) '■ M x T{M) T{M) denote the Cartesian projection to T{M). 
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Remark 16 In the above discussion, the mixed family invariant enumerates all 
curves within the family M„+i x m„ Y{T) ^ Y{T) and dual to C — 'M.(E)E. We 
do not require the image curve in M to lie within a particular complete linear 
system associated with a holomorphic line bundle over M . In case we restrict 
the holomorphic structure to a tL G T{M), one may insert the zero cycle class 
{ti} into the family invariant. This has the effect of reducing the torus T(M) 
to a single point and the modified mixed invariant associated to Y{T) is of the 
form 

ATS'Wl[^^^^^^^^Y{T)y.{tL}^Y{V)^{ti^}{ctotal{Tv).C-m{E)E- ^ Ci) 

ei-(C-M(B)B)<0 

and the generic modified family invariant is of the form 

An analogue of vrovosition TT^ holds while we replace ASY\^{C) &?/ ■45W([iL], C) = 

1. 



5.3 The Combinatorics Involved in the Enumerations 

In this subsection, we address the combinatorial issues regarding the Unear 
ordering \= and the partial ordering involved in the blowing up construc- 

tion and the inclusion relation on the various restricted family moduli spaces 
^c-miE^E-Y^ Xm„ Y{T), r G A(n). As will be demonstrated 

later, it has significant implications on the enumeration problem. 
Let us start by noticing that. 

Lemma 21 The localized top Chern class contribution along Dy, 
{~ly-'c,^^{Er^^'eIr 0{-Dr')\Dr)D'f'[Dr] 

l<i<e 

can be identified with 



J2 (-l)'"'ce-.(^^®r'e/r;y(r)ny(r')#0 O(-i5r0br)i?r'[^r]. 

l<i<e 

I.e. in evaluating the localized contribution of the family invariant along Dr, 
one may remove those 0{Dy>) with Y(T') n Y{T) — 0. 

Proof: The defining section of 0{Dr') vanishes exactly on Dr'. If Y{r') D 
Y{T) = 0, Dy' is totally disjoint from Dr in the space X. Thus, the line bundle 
0{Dr')\Dr is isomorphic to the trivial bundle Cjup. Therefore they can be 
removed from the expression involving Chern classes of 0{Dr')\Dr- '-' 
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Because of lemma |^ in identifying the localized top Chern class contribu- 
tion from Dr we may discard all the Y{T'), F' G /r, which do not intersect ^(r) 
at all. Consider all the Y(r'), T' e /r, and digest briefly the geometric structure 
of Mc--M{E)E XJi/„ ^(r) relative to the various Mc--m{e)e x Af„ Y{T') which 
touch it non-trivially. 

Proposition 14 Let Ci, and e[, 1 < i < n be the type I exceptional classes over 
Yr and Yrs respectively. The restriction of the family moduli space Mc-m.{e)e 
to Y{T), Mc~MiE)E XAf„ Y{r) = Z{scanon) X M„ ^^(r), Can bc identified as the 
scheme theoretical union of the images of the primary component A4u_^,^^^_y^ ^ 

Y{T) and of the union of secondary components, 

Ur'e/rA^c-M(B)B-r e' XM„ {Y {T) n Y(T')) 

■' J 

under the natural inclusions M.^_.^,„^„_Y^ M.c-m{E)E 
awd ^, C Mc-M.{E)E, respectively. 

^ ' Z-^c' -c' ■(C-M(E)E)<0 » 



Proof of proposition El Firstly we identify them on the set theoretical level. 
Let z e Mc~-M{E)E Xm„ ^(r). The point z represents an algebraic curve 
dual to C — M.{E)E above a point in Y(r). Suppose that z is in the subspace 
■^c-'M{E)E Xa/„ Sr, then z is above a point b € Sr and £Cb{C ~'M{E)E; Q) = 
Ct- Then a with a ■ {C — M.{E)E) < are exactly the generators of Cp. This 
implies that the effective curve dual to C — M.{E)E represented by z must 
contain irreducible components dual to each of the g Cr- Thus, z is in the 
image of Xc-MfBlB-V e ^ Mc--m{e)e- 

^ ' ^ej;ej-(C-]VI(E)E)<0 

If z e Mc-M{E)E xm„ (^(r) - 5'r), then z is above a point 6 e F(F) - 
Sr C Ur'gA(n):r'^r'5'r'- In particular, b G Yp' for some F' G A(n). Let with 
e- • (C — M.{E)E) < be the type / exceptional classes over Yr' which generate 
the simplicial cone Cr' . Then a similar argument applies as well and z is in the 
image of Al(^_j^,^^^_y- e' C A^c-m(£;)£;- 

To identify them on the scheme theoretical level, simply realize that the 
difference of Z{scanon) xm„ ^(L) from 2'(s°^„q„) xm„ Y{T) can be analyzed 
by the various analogues of s°^„„„ and W°„„„„, involving Ee^(C-M(i^)i^)<o 
over Yy", Y{T') n Y{T) ^ 0. By induction, we may get the equality on the 
sub-schemes oi X. O 

Remark 17 In the special case when {T ,Y,ei-(c~M.{E)E)<o^^) > (r', Ee;-(c-M(£;)B)<o ^j) 

(consult definition M l\ for its definition) , we have Y{T') C ^(F) and J^c-WE)E-S^ e' Xm„ 

^ ' Z^e^ ■(C-]VI(E)E)<0 J 

Y{T') is naturally embedded into M.c-m(E\ES^ x Af„ Y{T) as 

^ ' Z^c;-(C-1V[(E)E)<0 

a sub-scheme^^ . Thus we may ignore such J^c-mtE^E-S^ ' Xa/„ 



^^The subset is a consequence of lemma [T^ and lemma lT^ 
^^And therefore into Mc~'M.(E)E Xm„ Y(r) automatically. 
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y(r') in the above union. 

<C> Hcuristically we may interpret the blowing ups of (the strict transform 
of) M.c-M.(E)E Xm„ Y(T') into Dp' and factorizing Scanon by D-p/ as a mean of 
removing the contribution of the top Chern class of 7r^Wca„on®H from the im- 
age scheme of A^P_]yf.„.p,_y^ Xm„Y(t) inside Mc-MiE)E X m„ 

Y{r). This explains why the localized contribution is expected to be related to 
some sort of mixed family invariant attached to -^c_]vr(£;i£;-Y^ 
over Y{r), as had been demonstrated in theorem 4 of [Liu5]. 

It is vital to reflect and ask the following question, 
<C> Question: How to enumerate/identify the exact localized contribution of top 
Chern class along I?r? Do we expect the answer to be expressible as a mixed 
invariant or do we expect to get additional "correction terms" ? 

If there are additional correction terms, we have to understand where do 
these terms come from! 

In fact when we blow up the various Z3rs T' G A(n), T F', we have 
also blown up along the image of -^(7_]vi('b)£;-V e' ^ m„ ^(r') in 

^ ' Z^e^. ■(C-M(£;)B)<0 j 

Mc-M{E)E X M„ Y{T) , with T » T' as well. 

This suggests that we have also removed "accidentally" some additional 
contributions of the family invariant from ^, ^ m„ Y{T) 

as well^^. Therefore, we should expect to identify the localized contribution with 
a "modified" object instead of a normal mixed family invariant of C — 'M.{E)E — 

J2e,-M{E)E<oe^ over Y(T). 

This explains why in the definitions of the modified invariants, there are 
"correction terms" from F' <C F besides the dominated leading term. While 
these correction terms appear naturally in our current setting of the blowing 
up construction and the residual intersection theory, it is also needed to avoid 
the troublesome problem of over-subtracting (see the beginning of section 6.5 
of [Liu5] for an explanation). 

The complete answer to the above question will be given in sectional where 
we identify the localized algebraic family invariant contribution along Dr with 
AJ-SW* inductively. Before we present the proof, some additional knowledge 
about the geometric/combinatorial structure of A4c-'M{e)e is essential. 

Consider the partial ordering □, 

Definition 15 Let T,T' G A(n). The pair (r, X^e •(c-m(£;)_e)<o greater 
than iT',J2e'.{c~M{E)E)<o^'i) under Zi if 
(i). Y[T)nY{T')^%. 

(it). The combination of type I classesY,e,.{c~m(E)E)<Q^i'-T.e[-(C-m{E)E)<o^'r 
is semi- effective over Y{T) ny(r'). I.e. the combination is either identically 
zero or is represented by effective curves over Y{T) D y(F'). 

^''by the observation in remark ITtI 
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a pair of admissible graphs in adm(6) related by the □ partial ordering. 

Geometrically the partial ordering □ signalizes that some of the type / curves 
dual to e;, a ■ {C — 'M.{E)E) < 0, break into more than one component over 
F(r) ny(r') and these e^-, e^- • {C -M{E)E) < are dual to certain components 
among them. When T □ F', the semi-effectiveness of X^e ■(c~m(£;)£;)<o ^» ~ 
T,e'-(c-MiE)E)<o e» over y(r)ny(r') implies that A^c-M(B)B-y e. x a/, 

Y(r) n F(r') is embedded into Xc_MfiS)£;-V e' Y(r) n 

F(r'). In other words, the image of -^c-MfBlB-V e ^A<f„ ^(r) 

in M.c-m{E)E Xa/„ i^(r) does not capture M.c-m{E)E above F(r) n F(r') 
accurately and the two loci ^■(s°„„o„) -^c-MfiJiiJ-V e ^^^^ 

^(sca«on) = Xc-M(iS)£; may differ over YiV) n F(r'). 
Refer to fig. 6 for an example^**. 

Remark 18 These two partial orderings 3> and □ are exclusive in the fol- 
lowing sense that if iT,J2e.-{c-m{E)E)<o^i) » (r', Ee^.(c-M(£;)B)<o ^^en 
the expression Ee,.(c-M(£;)B)<o ~ J2e'.-(C-M{E)E)<o^t anti- effective over 
Y{T) n y(r') — Y{T'). Thus, the (r,J2e -{C-M{E)E)<o^i) cannot be greater 
than {T',J2e'^ic-M{E)E)<o(^d under Zi. 

Consider the following setting among three admissible graphs. Fix a F g 
A(n) and let Fi £ Ir satisfy Y{T) fl r(Fi) ^ 0. Let F2 £ adm{n) with r2 < F, 
r2 < Fl, be an admissible graph. This implies that C Y(T) n Y{Ti). 

In the following proposition we discuss the few possibilities which can occur. 

Proposition 15 Suppose that F2 ^ A(n), then Y^^ G Sr' for some F' e A(n). 
//F2 e A(n), iaA;e F' = F2 iise^/. 

j4s usual, let e^, 1 < i < n, denote the type I exceptional classes over Yy' . 

Then either 

^^To simplify the notations, the (C-M(E)E)<0 pa-rts have been skipped. 
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fig.8 

following fig. 7 above, the inserted admissible graph G adm(7) in the middle 
is C than the admissible graph on the left hand side, but ^ than the admissible graph 
on the right hand side, this situation corresponds to proposition El case (b). 



or (h). 3 an intermediate T" € A(n), T" ^ T , such that (F, X]e -(C-M(£;)£;)<o ^i) ^ 

(r", X]e'/-(C-M(£;)E)<0 ^i') '^'^'^ ^^e'{ -(C -m{E)E)<Q^i) ^ i^' '^ei-{C-'M{E)E)<0 ^'i) ' 

Suppose that F' is as described in the statement of the proposition, then 
Y{T) n 5r' ^ 0. It implies that F ^ F' and then F' e /p. 

The figure 7, 8 illustrate how proposition 1151 holds in a special case. 

Proof of proposition^ If F2 G A(n), take F' = F2. If F2 ^ A(n), by proposi- 
tion El and lemma [kH C Sr' for some F' G A(n). We know that F' cannot 
be F itself. Otherwise it implies immediately that Cr D Cr^ because now we 
have <^ '5'r' — Sr (where the exceptional cone is equal to Cr) and because 
Yp^ C Y{Ti). But this implies that Fi ;^ F and then such a Fi can NOT be in 
It- a contradiction to our assumption! 

Therefore one may replace F2 by some F' G A(ri). In any case we still have 

F(F') n y(F) D r(F2) n y(F) 0. 

Consider the cone Cr' ■ Because Yp^ C Sp' , the extremal generators of Cr' 

®^I.e. primitive generators of one-edges (extremal rays) at the boundary of the cone. 
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are exactly the type I exceptional classes over Yy^ which pair negatively with 
C ~ M{E)E. On the other hand, Yr^ C Y{T) (therefore Sv n F(r) ^ and 
this implies that Cr C Cp' ■ 

We separate our discussion into a few cases. 

(A) . Suppose that all the extremal generators (among the type / exceptional 
classes) of the simplicial cone Cr remain to be the extremal generators of the 
simplicial cone Cr' '■ As we know Cr 7^ Cr' , there must be additional extremal 
generators of Cr' away from the boundary of Cr- Then Y(r) is the locus of 
co-existence of the type / classes e^, • (C — 'M.{E)E) < 0. Then Y(r') is char- 
acterized (by proposition^!) as the co-existence loci of all e^, ei-{C~'M.{E)E) < 
and some other type / exceptional classes. So we know ^(r') C Y{r) and we 
have, 

(r, e.)»(r', 

e,-(C~m(E)E)<Q e'.-{C-M{E)E)<0 

(B) . Suppose that at least one of the extremal generators (among the type / 
exceptional classes) fails to be an extremal generator of Cr' . Then the curve it 
represents must break into more than one irreducible component above Y{T2). 
Define an index set P C {1, 2, ■ • • , n} to consist of all the subscripts i of Ci such 
that the extremal generator of the cone Cr fails to be an extremal generator 
of Cr'. 

By proposition 4 of [Liu4], each e^,* e P, can be expressed uniquely as an 
effective integral combination of the extremal generators of the simplicial cone 
Cr'. Let the index set P" C {1, 2, • ■ • , n} consists of all the subscripts j so that 
e'j involve in the integral effective combination of at least one ei,i G P. Then 
we may write — J2jeP" '^iJ^'j' "^ith cj > 0. We know that J2ieP — ^ fo'" 
all j G P". 

Then the collection of type / classes e^,i G P", generate a simplicial sub- 
cone C of Cr'. Because ■ e'j > for i ^ j in P", by proposition |3| of section 
12 3 an admissible graph T" such that e" = e- for i G P" and e" are —1 classes 
for i ^ P" . The co-existence locus of e^,z G P" characterizes the closure of 
the admissible stratum Y{T") with Cr" = C and since (by definition) e" = 
e^-, j G P", they are exactly the type / exceptional classes above Yr" which pair 
negatively with C - M{E)E. 

Apparently by the construction of F" we have^^, 

(F", Y <)»(r', E <y 

e'/-(C-'M{E)E)<0 e'.-{C-M{E)E)<0 

We may rewrite Ee,.(c-M(B)B)<o e» " Ee'; ■{c~m{e)E)<o^3 ^ 

ei-(C-M(£;)£;)<0:i^P i&P j&P" ■ (C-M(_E)_E) <O;i0P ieP jeP" jeP" 

Because non —1 classes e" are selected from e'. . 
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ei-{C-'M{E)E)<0;i^P jeP" ieP 



Xm„ 



The first sum in the final expression is semi-effective over Y{T) because it 
is a semi-effective combinations of some ei,i ^ P which are effective over Y{r). 
On the other hand, the second sum in the final expression is semi-effective over 
Y(r") because (i). Each e'^J e P" is effective over Y{r") and P" is defined to 
be the index set containing all the j such that e" — e'j are used in expressing 
ei,i G P. 

So for any fixed j £ P" , the sum X^igp '^ij — 1 ^^'^ therefore (X^ieP '^id) ~ 
1 > 0. So the sum of these two expressions is still semi-effective over the 
intersection ^(r) n Y{T"). So the existence of such an intermediate F" has 
been proved. □ 

As a consequence of proDOsition ll5l the image of the moduli space 

Z^c'^-(C-1V[(B)E)<0 

F(r') into Mc--M{E)E XAf„ ^(r) is either contained directly in the image of 
M^_y^ g X M„ ^(r) in 7Wc-M(B)_E Xm„ Y{r) itself or is contained 

A_-/ej-{C-]VI(-B)E)<0 ^ 

in the image of some intermediate -A^c-mcbib-V e" Y{T"). 

This gives an additional hierarchical structure among the various -Mc-MiE^E-Y^ e ■ 

When we attempt to identify the localized algebraic family invariant contri- 
bution to Dr, the above observation motivates us to reduce the list of blowing 
ups preceding F, /r, by the following recipe: 

Definition 16 Define the subset Ir C Ir by removing all those V G /r such 
that (t). 5r. nr(r) = or (ii). 3T" e Ir with {T" ,Y.e" ic-m(E)E)<o^'l) » 

e'.-{C-m{E)E)<Q ^i)- 

The reduced index set It collects all the F' e It which satisfy either (F, '}2ie -(c-m(E)E)<o 

■• '^e'.-(C-m(E)E)<Q ^i) X^e; ■ (C-M(£;)B) <0 -' ■• X^eJ ■ (C-M(£;)B) <0 ^i)" 

The set It inherits a linear ordering from /r, still denoted by |=. 

For all F G A(n), we can define the corresponding It by the recipe of defi- 
nitional The next lemma characterizes the relationship between the index set 
/p and ir when F < F. 

Lemma 22 Let F G A(n) and let F G /r satisfies (r, X^e ■(C-m(_e)_e)<o ^0 ^ 
iXi^ei-(C-m{E)E)<Q'^i)- Then the reduced index set ly of T is the set of ele- 
ments F' in It satisfying, 

(i). Y{f ) n St' ^ %, 

(a). F' is smaller than F under the linear ordering ^'^ \= in It- 



''Consult page I53l for its definition. 
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Proof: It is apparent that when y(r) C Y{T), the condition Y{T) n S'r' 
(the direct consequence of F' G Jp) imphes ^(r) n Sr' ^ 0- On the other hand 
r < r and r" C r imply (see the next footnote below on page ESI T □ T". 
Thus to show that the condition (ii) is satisfied it suffices to show that for all 
r' G /r — /r, either it is due to 

(1) . r' is larger than or equal to F under the linear ordering |=, or 

(2) . Y{T) n Sr' = 0, or 

(3) . r'e/p-/p. 

Suppose that F' G Ip — Ir, but the conditions (1). and (2). do not hold. We 
plan to show that (3). has to hold. Because of the violating of (1). an (2)., F' 
is smaller than F under the linear ordering \= and Y{r) n Sr> ^ 0. 

Then by the definition of /r, the assumption that F' is not in /r and by 
proposition 1151 ( notice that F' satisfies the assumption of this proposition) , 
there must exist some intermediate F" G /r C A(n) such that 

(F, eOD(F", E 

ei-(C~M{E)E}<0 e'/-(C-'M{E)E)<0 e'.-{C-M{E)E)<0 

The condition (F, Ee,.(c-M(iS)£;)<o ^0 ^ (r", T,e'/ ■{c~m(e)E)<o ^'D equiv- 
alent to the semi-effectiveness oiJ2eiic~M{E)E)<o ^^-J^e" ■{c-m(e)E)<o ^'I ^^^"^ 

Y{T") n r(F) ^ 0- _ 

By our assumption on F in the statement of this lemma, (F, X^e ■(C-m(e)£;)<o ^ 
(F, Xei (c-M(£;)£;)<o^»)- This implies that for all the type / exceptional classes 
above Yr satisfying ei ■ {C — M.{E)E) < 0, = a is the corresponding type / ex- 
ceptional class over Y^ and there are some additional Cs with • {C ~'M.{E)E) < 
other than those e^, • (C - M(£')£;) < 0. 

This implies that the dsssJ2eyic~MiE}E)<o'^j ~J2e,■{c-■M{E)E)<oe^ has to 

be effective over ^(F) — Y(r), which is a subset of Y{r). 
Thus, 

{ E ^J- J2 E E ^^'}= E E 

ej-{C-'M{E)E)<0 ei-iC-'M(E)E)<0 ei-{C-'M(E)E)<0 e'.' ■{C-'M{E)E)<0 ej-(C-'M{E)E)<0 e'f ■{C-'M{E}E)<Q 

effective over the intersection of r(F") n Y{T) and Y{T), y(F") n Y(r) n 
Y{r) = y(F") n Y{T). in particular, the final expression is semi-effective over 

68 Y(r") n r(r) (since r(r) c r(F). 

This implies that 

(F, J2 ^^□(F", E en»(r', E 

ei-(C-M(£;)_B)<0 e'/-{C-M{E)E)<0 ei-{C~M(E)E)<0 

as well (the ^ inequality within the formula is already known). 

S^The argument essentially shows that T > T, and T □ T" imply F □ F" . 
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So the element V must be removed from /p in forming Jp and is not in Jp, 
either. □ 

Fixing a r" such that (F, Ee..(c-M(B)E)<o e*) ^ (r", Ee^'.(c-M(£;)£;)<o e")' 
the reduction from /r to Ir enables us to group the family moduli spaces above 
YiV), Mc-MiE)E-^M„Y{T'), of all the r, satisfying (F", Ee".(c-M(B)B)<o e") » 

(c-M{E)E)<o^i) together as sub-moduli spaces of Mc-m(e)e Xj\/„ 
Y{r"). Instead of blowing up all these Mc--m{e)e Xm„ Y{T') individually, 
we blow up the whole Mc-m(e)e Xm„ ^(r") at once 

ForaUr e Jp, it satisfies either iT,J2e,-(c~mE}E}<t)(^i) > (r', Ee'.(c-M(£;)iJ)<o 
or (r,Ee..(c-M(iS)iJ)<oeO □ i^' ^J2e'^.{c-M{E)E)<o^d- For the enumeration 
purpose, we would like to rearrange the blowing up orderings (by \=) such that 
those F', with (r,X;e..(c-M(iJ)iJ)<oeO > (r', Ee^.(c-M(B)£;)<o e'j) are blown 
up later than those related to F by □. 

To achieve this goal, introduce a new linear ordering among /r, denoted by 

Definition 17 Let Fi G Ir- Define the "accumulation" ylr^ = {Ti} */ Fi <C 
F. Z)e/ine Ar, = {F'|F' <C Fi,F' e Ir} «/ Fi □ F. For all Fi e /r, each 
accumulation Ar-^ has a unique smallest element under \=. 

Define a new linear ordering h on Ir by the following recipe: 

(i) . Suppose that both Fi and F2 are simultaneously C F or <S^T, define Fi 
is greater than F2 under h if the smallest element within the accumulation Ar^ 
under \= is larger than ( under ^ ) the smallest element of Ar2 ■ 

(ii) . Suppose that Fi ^ F but F2 □ F, define Fi is larger than F2 under h, 
i.e. Fi h F2. 

The heuristic motivation for such a new linear ordering is that the precedence 
among the sequence of blowing ups should be determined by the corresponding 
precedence of the smallest graph under ^ in the set Ar^ . 

In the new linear ordering h, those F' with F' ^ F accumulate at the larger 
end of Ir- 

Definition 18 Define I^ C Ir to be the set of all elements F' in Ir such that 
the following condition {r,J2eiic-M{E)E)<o^^) » (r', Ee^(c-M(^;)£;)<o ^0 

Then definition 1171 implies that an arbitrary element in I^ is greater than 
(under the newly defined h) an arbitrary element in Ir — 1^' ■ 

The revised linear ordering h will play an essential role in the enumeration 
of the algebraic family Seiberg-Witten invariants in the next section. 



^^In section [6. II proposition^] implies that the re- grouping of the restricted family moduli 
spaces like this docs not affect the localized contribution of the family invariant along Dp, 
thanks to the birational invariance of Segre classes of normal cones. 
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6 The Inductive Proof and the Identification with 
the Modified Family Invariants 



The goal of this section is to finish up the proof of the main theorem by identi- 
fying the locahzed contribution of the original algebraic family Seiberg-Witten 
invariant of C — M (£')£' over Dr with the modified algebraic family Seiberg- 
Witten invariant defined in subsection 15. 21 

In subsection l5.3l we have introduced the reduced index sets Ir (see definition 
Will , its subset 1^" (see definition ! 18|) and the new linear ordering h (see definition 
1171) . We may modify the original blowing up sequence by blowing ups the (strict 
transforms) of all the Mc~-m{e)e Xm„ xy(r') C PiVcanon) for T' G Ir instead 
of It, starting from the smallest element under ^ or h and along the reversed 
1= or h orderings. 

In section 16.11 we prove the independence of the localized top Chern class 
contribution along Dr to the detailed history of the blowing ups performed 
ahead of F under the reversed ordering of |= or h. 

In section 16.21 we present the key argument to identify the integral of the 
cap product of top power of ci (H) with the localized contribution of top Chern 
class along Dr with the modified algebraic family Seiberg-Witten invariants. 

Then in section Ffi. 31 we finish the proof of the main theorem in the paper by 
combining the discussion in section 13 El El a-nd the current section. 

In section lOl we show with the help of Gottsche's argument that -4^5yV]^.f^^^x{ti,}i-^Max{ti}(l' ^~ 
can be realized as a counting of discrete number of nodal curves in a 
generic (5-dimensional linear sub-system of a 5(5 — 1 very ample line bundle 
L ^ M. 

6.1 The Independence of the Localized Top Chern Class 
Contribution to the Orderings of the Blowing Ups 

It makes sense to ask the following question: 

Question: For a fixed F £ A(n) — {7,1}, is the localized top Chern class contri- 
bution over Dy independent to the "history" of the sequences of blowing ups 
we had performed on X before the one associated with F? Different choices of 
earlier blowing ups leads to mutually birational divisor Dr- Thus it becomes a 
non-trivial question to ask. More precisely suppose that we blow up the scheme 
X = P(Vca„on) along the strict transformations of Mc--m{e)e xj\f„ ^(r') fol- 
lowing the reversed ordering (/r, {Ir, h) (^r,l~), do we get "identical" 
localized top Chern class contributions upon the resulting exceptional divisor 
over f^c-M.{E)E Xm„ ^(r) in the three different cases? 

The answer to this question is affirmative as will be shown in the proof of 
the following proposition. 

^"By 'independence', we do not mean for arbitrary blowing ups. See below for more details. 
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Before we state our result, let us introduce some notations. 

Denote the consecutively blown ups of X ~ P{'Vca7ion) along the strict 
transformations of Mc--m(e)e ^m^ ^i^')-, T' G Ir following the reversed or- 
dering of \= by Xr- The ■ Xp i-^ Af„ x T{M) is the projection map to 
Mn X T(M). Some repeated applications of the residual intersection formula 
of top Chern classes, proposition |S1 results in the residual obstruction vector 
bundle Tr^^Wcanon ® H (8)r'6/r 0{-Dt'). 

Likewise we denote the consecutively blown ups of X along the strict trans- 
formations of Z{scanon) X Af„ Y {^') Mc-m(E)E X A/„ ^(r'), T' s It with the 
reversed ordering of [= (or h) by Xy with the projection map ttj^^ : Xy ^ M„ x 
T(M) (or Xr with the projection map tt^^ : Xp M„ x T{M)). We denote 
the corresponding exceptional divisors by Dy' (or Dy' ) , F' £ /r and the corre- 
sponding residual obstruction vector bundle is 7r^^Wcanon'X)H(X)r'e/p 0{—Dy') 

(or Ti*^W canon ® H ®r'e/r <^(^^r'))> respectively. 

By blowing up the strict transform of M.c-'m.{e)e ^(r) in Xy, Xy 

or Xr, denote the blown up schemes by Xy,Xy and Xr, respectively. We 
denote the blown up exceptional divisors from the strict transformations of 
Mc~M{E)E XAf„ r(r) = Z{scanon) X Af„ ^(r) in Xr, Xr, Xr by Dy, Dy, Dy, 
respectively. 

By applying lemma ITTl we get the corresponding localized contributions of 
the top Chern classes for iTx^yVcanon ® H ^Y'eir 0{~Dy'), or for T^\y\! canon ® 
H ®r'e/r 0{-~Dy,) or for -K^Y^canon ® H ®r'e/r C'(-^r') along Dy, Dy and 
Dy, respectively. 

These three spaces Xr, Xr, Xr are all birational and all of them map onto X 
through the blowing down projection maps. The following proposition asserts 
that the images of the localized contributions of top Chern classes along Dy, 
Dy and Dy in A- (X) are all equal and provide an explanation. 

Proposition 16 The images in AdimcX-rankc'Wcanoni-X) the localized con- 
tribution of the top Chern class for ir'^Wcanon ® H •^Y'eir 0{—Dy') over the 
strict transformation '^^ o/ -'^c-m(£;)£; XAf„ ^(r) in Xy, the localized contri- 
bution of top Chern class for '!Tj^_^Wcanon ® H ®r'e/r 0{—Dy>) over the strict 
transform of A4c-m.{e)e XAf„ ^(r) in Xy, and the localized contribution of top 
Chern class for tt^ yVcanon ^ H (EiY'eir ^i^^r') over the strict transform of 
Mc~'M{E)E X Af„ ^(r) in Xy are all equal to each other. 

Proof: The key issue is to understand why the re-grouping of elements related 
by ^ and the changing of the orderings from ^ to h do not affect the image 
cycle class of the above localized contributions of top Chern classes. 

By using the residual intersection formula of the top Chern class, i.e. propo- 
sition |H1 it implies that the images in ^. (X) of the three localized contributions 

^-"^ Along the blown up divisor Dp C Xr above the strict transformation of Mc-M.(E)E ^ M„ 
y(r)inXr. 
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of the top Chcrn classes along Dr, -Dr, and £>r can be identified with the 
push- forwards into A.{X) of 

^rankc'W canon i'^Xr 

CranfccWcanori (^Xr 

Wea„o„®H(-£)r)®r'e/rC(-£'r')), 

CranfecWe„„o„(^^^Wcanon®H®r,£7j,O(-DrO)-CranfccWe„„„„(7rJ^Wcanon®H(-Dr)0r'e7r^(-^^^ 

and 

CrankcWcanoni'^% Wcanon(S)H(g)r'e7r^(--^r'))-C™nfecWcanc,„('r'^ '^canon^'il{-Dr)^r'^I^O{-Dr')), 

respectively. 

On the other hand, because Dr, Dr and Dr map into X Xm„ ^(r) under 
the projections, so the images of the localized top Chern classes in A.{X) factor 
through the map ir* : A.{X Xm„ '^(r)) ^ A.{X). 

On the other hand, j : X — X XM„^(r) C X is open in X and by proposition 
1.8. on page 21 of [F] we have the following exact sequence, 

A.{X X M„ Y{r)) ^ A.{X) -^A.{X-Xx Af„ Y{r)) ^ 0. 

For any cycle /3 in X — X Xm„ ^(r), its Zariski closure P in. X defines a 
cycle in X. This extension of cycles defines the right inverse of j*. Thus for 
each a e A.{X), there exists a unique '^^ cycle class 0i\xxM„Y{r) € Im{ir*) such 
that a — oi\xxMnY{T) = j*ce- From now on we refer to ajxxM^i'Cr) informally 
as the component of a inside the subspace X xm„ ^(r)- 

Because the .A. (X) images of the three intersection pairings are in /m(ir*), 
it suffices to consider the push-forwards of the three top Chern classes in the 

first group, Ctop(7r^^Wcanon'8)Hig)r'e7r 0{-Dr')), CtopiTT*^^'Wcanon^Jl®r'eIr 

0{—Dr')), and Ctop(7r* 'Wcanon ® H ®r'eir and identify their com- 

Xr 

ponents inside X Xm„ ^(r). Then consider the push- forwards of the second 

group of three top Chern classes, Ctop(7r'^ Wcanon €5 H(—Dr) ®r'G7r ^{~Dr')), 

Ciop(7rl Wcanon'SiU{-Dr)<S'r'eTrO{-Dr')), and 0*0^(77;^ Wcanon<8)H(-i)r)'X)r'67r 

0{—Dr')) in A(XxM„5^(r), and identiiy their components inside XxM„i^(r). 

(} Case I: We identify the A.{X x ^ y(r))-components of the push-forwards 
of the top Chern classes within the first group. The identification of the second 
group is similar, and will be handled in Case II below. Introduce three divisors 
Di = (Ur'e7p£>r') C Xi = X r, D2 = (Ur^e/.^r') C X2 = Xr and D3 = 

'^^ As jp , may not be injective, the uniqueness of the class in A- {X X m„ Y(r)) is not ensured. 
Nevertheless its image in A- {X) is. 

^^Over here we do not intend to claim that the push-forwards of these top Chern classes 
are all equal in .4. (X). In fact their _;*-restrictions in A-{X — X Xm„ ^(r)) may be different. 
The object we really care about is the differences of the push-forwards of top Chern classes 
and the cycle classes extended from A.{X — X Xm„ Y{T) have to cancel out completely. 

^''We introduce the new notations Xa, to avoid writing parallel formulae repeatedly! 
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(Up/g/^-Dr') C = Xr- The restriction of the vectors bundles involved in 
the first group are pull-back from Xi,X2, and X3, respectively. We define 
7rx„ : Xa 1-^ Mn X T{M). The yet-to-be-identified classes are Ctopij^x ^ canon ^ 
H (g) 0{—Da)) for a = 1, 2, 3. By applying the residual intersection formula, i.e. 
proposition 13 to the Di, D2 and Z?3, these top Chern classes can be re- written 
as 

Wca„on«)H)n[Xa]- ^ (-1)'"^ CranfccWcanoji -i (""Xa 

W„®H)p,)*-i[I?J, 

l<.i'Crankc'W canon 

for a = 1, 2, 3. 

The image of the first term into A. {X) is apparently independent of a and has 
a unique component in X Xm„ ^(r)- So it suffices to show that the components 
in A.{X XMn ^(r)) of the push-forwards of the second terms involving Da are 
a-independent. 

Firstly recall that when Da is a divisor, the total Chern class Ctotai{0{Da)) = 
1 + Da and the total Segre class stotai{0{Da)) = 1 + X]j>i(~l)"'^a is the total 
Segre class of the normal cone Stotai{Da, Xa). So for a = 1,2,3, the push- 
forwards of the second terms can be re-expressed as the push-forward of 

Va — {ctotal{{T^Xa'^ canon ® H) j^)^) fl Stotal{Da, Xa)} dimcX-rankc^ aanon 
into A.{X). 

Define ha '■ Xa > X to be the blowing down projection maps for a = 1, 2, 3. 
Now recall the following proposition 4.2. (a) on page 74 of [F]. 

Proposition 17 (Fulton) Let f : Y' ^ Y he a morphism of pure- dimensional 
scheme, Z gY a closed sub-scheme, Z' = f^^{Z) the inverse image, g' : Z' t—* 
Z the induced morphism. 

Suppose that f is proper, Y irreducible and f maps each irreducible compo- 
nent of Y' onto Y , then 

gMZ\Y'))=deg{Y'/Y)-s{Z,Y). 

In our context, the blowing down map ha : Xa X is proper, and deg{Xa/ X) — 
1 (because they are birational) . The sub-scheme Z = ha{Da)x Mn^i^)- Because 
ha are composite blowing down maps. Da x m„ Y{T) = ha^{ha{Da) Xm„ i^(r))- 
Both of Xa and X are irreducible and ha maps Xa onto X. 

By applying proposition 1171 for all 1 < a < 3 the push- forward-images of 
the above classes rja in A-{ha{Da)) are equal to 

{ctotal{{'^*X^ canon 

® U)\h^(Da)) ^ s{ha{D a), X)}di,ncX -ranked canon- 

Then the fact that the Im{ir*) components of their push- forwards into 
A.{X) are equal follows from the following observation. 
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Lemma 23 Let ha : Xa i— > X and Da, 1 < a < 3 be as described above. Let the 
family moduli space of C — 'M.{E)E, A^c-m(_e)_e C X, denote the sub-scheme 
defined by the canonical section Scanon of TTx'^canon ^ H. Then for a = 1,2,3, 
the sub-schemes ha{Da) (X x jv/„ ^(r)) = ha{Da) x m„ ^(r) C X all coincide 
and are all equal to the finite union ^r'eir-^C-M.{E)E ^ Af„ (^(r') H Y{T)^ . 

Proof: It is easy to see that the change of the hnear ordering from ^ to h 
in I-p does not affect the total locus which is blown up. Thus we know that 
/i2(-D2) — h3{D3) = ^r'eir-^c-'M{E)E xa/„ Y{T'). So their intersections with 
X Xm„ Y{T) are equal. 

On the other hand, to argue that hi{Di) xm„ Y{T) — h2{D2) xm„ Y{T) = 
Ur'^i^Mc-m(E}E xm„ {Y{T') n ^(r)), it suffices to show that for all T' e 
/r — /r, the corresponding sub-scheme M.c--m(e)e x m„ {Y(r')r]Y(r)'^ has been 
included in the union of closed sub-schemes iir"eir'^c-M{E)E xm„ (^(r") fl 
r(r)) already. 

We may assume that Y{r') fl Y{r) 7^ or the statement is trivial to prove. 
By lemma [131 we know that there are three exclusive possibilities (a). F' >- T, 
(b). r ^ r', (c). 3r" e A(n) such that both of T, T' >- T". 

Suppose that Sr' n F(r) = 0. We argue that we may replace T' by some 
r" with 5r" n Y{T) ^ 0. We aheady have Sv n Y{T) = by our assumption. 
We know that r(r') n = 0, too. If not, the hypothesis r(r') n S'r 7^ and 
lemma ITU imply F' >- F and therefore F' \= F. Then such a F' cannot be in the 
index set Ir at all. As both (a), and (b). fail, it falls into the situation (c). that 
S'r n y(F') = Sr' n y(F) = 0. From the proof of lemma ITKl we know that for 
"all" b e Y(T) n r(F'), there exists a F" G A(n) such that b e ^r" n r(F) 7^ 0. 

From this digestion we learn that Llr>^i^-T^Mc-M{E)E x m„ (^(F') nF(F)) 
can be replaced by the union Ur'eir\Sr'nY{r)^<liMc-M{E)E Xm„ {St' ny(F)). 

According to definition El on the reduced index set Ir , any F' G /r with 
^r' n Y{r) 7^ is thrown away to form /r exactly when there exists an- 
other F" e Ir with {T",J2e"-{c~M.iE)E)<o(^'D > (r',Ee'.(c-M(E)E)<oei) and 
■ (c-M(£;)£;)<o 

However the ^ relationship (see definition lll|l between F" and F' implies 
Y{T") D Y{T'). This implies that Mc-m{e)e xm„ Sr' C Mc-MiE)E Xm„ 
Y(r"). So we have the inclusion 

^r'eir;S^,nY{r)^il)Mc-M(E)EXM„{Sr'nY{T)) c Ur"eirMc^M{E)EXM„{YiT")nY{T)). 

By combining the inclusions we know that hi{Di) xm„ ^(F) must be in- 
cluded in h2{D2) Xm„ Y(r). But the reversed inclusion h2{D2) Xm„ ^(r) C 
hi{Di) Xm„ Y(T) is apparent. So we have hi{Di) x m„ ^(r) = h2{D2) Xm„ 
y(F) — h^{D^) X M„ Y{r) as sub-schemes of X and the lemma is proved. □ 

As usual let iha{Da) ■ ha{Da) ^ X he the inclusion maps. The above lemma 
tells us that the restriction of ha{Da) to X Xm„ Y{T) coincide. On the other 
hand the normal cones C/j^(£i^)X can always be written as the unions of irre- 
ducible normal cones supporting over irreducible components of the sub-schemes 
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ha{Da)- By separating the irreducible components of ha{Da) in X Xm„ ^(r) 
and the zariski-closures of ha{Da) n {X — X Xm„ Y{r)), we may write each 
^ha{Da)^ ~ ^haiDa)xM Y(r)^^Ca^ '^ith ^'a supported over the zariski-closure 
of haiha) n{X-X Xm"„ Y{r)) = ha{Da) X m„ (Af„ - r(r)) in X. Then it is 
easy to see that the components along X x ^(r) of i/j^(£)^)»{s(C/i^(£)^-)X)} = 
«?ia(na)*{'5(C/i„(DjxM„i'(r)-^)}+«/i„(Dj*{'S(C^)} is e-^a.ci\y ih^(D^)*{-'^{Ch^(D^)xM^Y(T)X)} 
while i^^(£)^)»{s(CJj)} are the extension A.{X - X Xm„ ^(r)) ^ -A-XX)) of the 
restricted Segre class ih^(D^)*{s{ha{Da) Xm„ {Mn - Y{r)), X -X Xm„ i^(r))}. 

By the above lemma, we know that the X x i^(r)-components of the 
total Segre classes ii,^{^u^)^s{ha{Da) , X) coincide for all 1 < a < 3. By capping 
with Ctotai{'^*x^ canon ® H), wc coucludc that the components in X Xm„ ^(r) 

of ih,{D^)*{ctotali{TrX^ canon H) ) fl s{ha{Da) , X)}dimcX -rankcW ,^„ar. ^rC all 

the same. So Case I is proved. 

<3> Case II: The identifications of the components in X Xm„ ^(r) of the second 
groups of three top Chern classes are rather parallel to the previous argument 
in Case I, with some minute difference. We define X[ = Xp, X2 — X-p and 

X^ — Xp. Define h'^ : X'^ X to be the projection maps. 

Then the total transformations of Da C Xa under the pull-backs of the 
blowing down maps X'^ 1— > Xa define Cartier divisors in X'^ and we skip the pull- 
back notations and denote them by the same symbols "^^ Set D[ = L>iUL»r, 
D'2=D2U Dr and ZJ^j = ZJg U Dr- 

Then we show that the push-forward of ctop(7r^ ^ canon's^ 0{—D'^)) to A. (X) 
have identical components in A.{X Xjv/„ ^(r)) for a — 1,2, 3. 

Following the previous convention let ih^{D' ) • ha{D'a) '—^ Xhe the inclusions 
into X. 

Lemma 24 Let D[ = Di U Dr, D'^ ^ D2 U Dr and D'^ ^ D3 U Dr be de- 
fined above. Then for a — 1,2, 3, the components in X x Y(T) of the push- 
forwarded Segre classes i^i ^jji )^,s{h'a{D'^), X) are all equal. 

Proof: From the argument in Case I, we know that we only need to prove that 
KiD'a) X M„ Y[V) = ha{D'a) H (X X M„ Y {T)) are all equal. We notice that_for 
ah three 'a' we have h'^{D[) = h[{Di) U h[{Dr), h'^iD'^) = h'^iDi) U h'^iDr), 
and h'M) = h'^{D^)iJh:i{br). 

Firstly we notice that h'a{Da) are nothing but the ha{Da) in Case I. On the 
other hand, despite that Dr, -Dr, -Dr sltc different exceptional divisors blown 
up from the strict transformations of Z{scanon) Y{T) in three mutually 
birational spaces Xr, Xr, Xr, their images under h'l, h'2 and h'^ are identical and 
their common image is Z{scanon) Xm„ Y{T) = Mc-m{E)E Xm„ ^(r). So by 
combining these conclusions we have h'a{D'a) = ha{Da) U {Z{scanon) x j\/„ ^(r)) . 

Thus h'aiD'a) Xm„ r(r) are nothing but ha{Da) Xm„ Y{T) U (Z(s,„„o„) Xm„ 
F(r)). By lemma 1^ the sub-schemes ha{Da) Xm„ ^(r) has been shown to be 
a— independent, so we conclude that h'a{D'a) Xm„ ^(r) are a— independent as 
well. □ 

^^This is consistent with our earlier convention. 
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Once we identify the X Xm„ ^(r) components of their Segre classes, the 
rest of the proof is almost identical to Case I. We omit the details. The proof 
of proposition [TEl is finished. □ 
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l<i<ran/cc Wca 



6.2 The Identification of the Locahzed Contribution with 
the Modified Algebraic Family Invariant 

In this subsection, we proceed to identify the integral of the intersection pairing 
of the localized contribution of top Chern class with the modified algebraic 
family Seiberg-Witten invariant defined in section I5T^ 

The push- forward into A.{X) of the localized contribution of the top Chern 
class defines a cycle class of grade dimcX — rankcW canon- In order to get 
a numerical invariant G Z, we can either pair it with the suitable power of 
the tautological class ci{'H.)'^™'^^~^°-"'"^'^'"^"'''" on the projective space bundle 
X = P(V canon) and push- forward the resulting class into AQ{pt) = Z, or we may 
fix a point S T{M) and pair the push- forward of the localized contribution 
of top Chern class with ci(H)''™c^-™»'=cW,„„„„-9 p j^^j ^^^^ ^^len push it 

forward into Ao(j)t). Over here [ti,] represents the zero dimensional cycle class 
of the point II and the integer q = dimcT{M) denotes the irregularity of the 
algebraic surface. 

Now we are ready to identify the yet-to-be-enumerated intersection pairing 
involving the localized contribution of the top Chern class, 

with the modified mixed algebraic family Seiberg-Witten invariant 

{ctotai{Tr),C-M{E)E- J2 e,). 

ei-(C-M(£;)_B)<0 

And identify 



^ i-ly-'crankaV^^^„^„-^{7T*^Wcanon(^!^^i(^!^^'eIrO{-D^')\Dr)Di^^^ 

l<~i<rankc'^ canon 

with the r(Af)-restricted version of modified mixed algebraic family Seiberg- 
Witten invariant ATSWl^^^^ x m„ ^ (r) x {t^. }H^y (r) x {t^, } (ctotai {Tr),C~M{E)E~ 

J2ei-{C-M{E)E)<0 ^i)- 

Because the identification of the latter objects is completely identical to the 
identification of the former, if we replace ci(H)*™'=^'^~'''^"'^'^^'^""°"^^ fl [t^] by 
ci(H)'**'"'=^'^~''''"'^'^^'^""°", we will discuss only the former case in the proof. 

^^It depends on whether we counts curves in the non-Hnear or Unear systems. 
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Please consult subsection 15.21 for the definitions of the modified algebraic 
family Seiberg-Witten invariants and the construction of rr. 

The main tools we will adopt are the machineries developed in subsection 
13.21 (proposition and section 1^ (proposition ISl . IIJl ITUl and lemma [TT|) . 

Proposition 18 Given an n-vertex admissible graph T G A(n) C adm{n), the 
integration into A(){pt) = Z of ci{'H.)'^'^™'^^~'^°'^^'^^'"^"°" capping with the push- 
forward of the localized contribution of the top Chern class along the blown up 
divisor Dr, 

l<i<.rankc'W canon 

in A.{X), is equal to the modified mixed algebraic family invariant ^jr^W^,^^^^ Y{r)xT{M)^Y{r)xT(M){'^t 
'M.{E)E — J2ei-{c-M.(E)E)<o^i) defined in subsection \5.'2l 

Likewise for an arbitrary point t^ G T{M), the integral of the pairing of 
^^^jj)d»mcX-ranfccW,„„„„-g ^ ^j^^ ^^^g -^^^^ ^f^^ ^j^^g localized Contri- 
bution of top Chern class along Dr into A.{X), is equal to the modified mixed 
algebraic family invariant 

■^S^*Mn+iXMnY{r)x{tr.}^Y{r)x{tr.}i(^total{Tr),C''M{E)E- e,). 

ei-(C-M(B)B)<0 

Because the t ^-restricted version is completely parallel to the non-restricted 
version, we only offer a proof for the non-restricted version. Please consult 
remark El on page 1951 right after the end of the proof. 

Proof of proposition 1181 The proof of the proposition involves an induction 
on the element F e A(n) based on the linear ordering ^ (see page 1531 for the 
recursive definition of ^). 

Firstly, we provide a simple computation on the dimension formula which 
motivates the appearance of Tr in the modified family invariant. Because X = 
P(Vca„on) M„ X T{M), dimcX = rankcY canon - 1 + dimcMn -\- q. Thus, 
dimcX-rankcW canon = dimcMn+q+rankcCV canon-^ canon)-^- Based on 
the fact that (<i>Vc„„o„Wca,ion j ^canon, Wcanon) is the canonical algebraic family 
Kuranishi model of the class C — 'M.{E)E, we know that 

, , , ^ (C - MiE)E)^ - ci(Km„^,/mJ • jC - MiE)E) 

rankc(Vcanon-yy canon) = l-q+Pg^ 

C2-ci(KM)-C-Ei<i<Jrnf + mO 
= l-q + Pg + — , 

by surface Riemann-Roch formula. From this we can infer the relationship 
between the raised power of ci (H) in the intersection pairing (which is also the 
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expected algebraic family dimension of A4c-m.{e)e) a-nd the singular multiplic- 
ities rrii,! < i < n. 

On the other hand, by a direct computation the expected (family algebraic) 
dimension of the space ■^c'_]vrf£;~iB-V e ^(r) is given by 



■{C-M(E)E)<0 

\2 



Pg+dimcY[r)^ [C-M{E)E)- 



ei-{C-M{E)E)<0 

2 



2 

(Se.-(C-M(_E)B)<0^»)^ + Ci(KM„+i/Af„) ' {J2e,-{C-MiE)E)<o'^i) 

^ 2 • 

By using dimcY{r) = dimcMr, + J2e,ic~M{E)E)<o '''^'^'''2^"'""^''' . the 
above expression can be simplified to 

, ^. , (C - MiE)Ey ^ ci(Km„^,/mJ ■ (g - M(ii;)ii;) 
= Pg + dimcMn H ^ 

+{ E ^^•(^^+ E e,-(C-M(i?)i?))}. 

er(C-'M{E)E)<0 3<i;ey(C-m(E)E)<Q 

A direct comparison with the formula of rankcTr shows that this correction 
term matches up with the rank of rr (8) H found in subsection 15.21 lemma 1171 
This explains morally why we need to insert CtopiTr (^fl) — J2i<rankcTr '^'(''t) H 
ciiliY"-^'"^'^'^^^ in the corresponding modified algebraic family invariant. The 
dimension count singles out the role of Tp-as a mean to compensate the dis- 
crepancy of the expected family dimensions between A4c-'M{E)e and 
-^c-ivKBlB-V e ^(r). In the latter half of the proof, we 

will see why a correct choice of rr (not only the rank itself) is essential in our 
identification. 

We start from the simplest case when F S A(n) is a minimal element of 
A(n) under \=. Under this assumption, /r = and F is a minimal element 
under ^. The minimality assumption of F under >- implies that there can be 
no F' with Sv n Y{r) ^ 0. In such a case the space St C ^(F) (over which 
the type / exceptional cone Cr is constant) itself is a closed subset of M„, and 
therefore is equal to ^(F). The consequence S'r = Y{T) implies that all the 
type / exceptional curves dual to e^, with • (C — 'M.{E)E) < 0, remain smooth 
and irreducible throughout the whole ^(F). In particular, no curves dual to 
such Ci can break into more than one irreducible component over ^(F). 

By lemmaini the sum '^'^ I]i<i<™„fccW,„„„„ (~l)*~^c™„fccW,„„„„-j(7r^WcanonC 
H)_Dp~^[_Dr] is nothing but the localized contribution of the top Chern class de- 
fined in section 6 of [Liu5] . By proposition 11 of [Liu5] and our knowledge that 

^^It is simplified as there is no blowing up ahead of the one parametrized by F. 
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the type / exceptional curves dual to e^, with Ci ■ {C ~ 'M.{E)E) < remain 
irreducible and smooth throughout Y{T), these imply that the natural bun- 
dle map 7r5fW°^„„„ (g) H|xxM„l'(r)xT(M) ^ TT*x'Wcanon «) H|xxM„y(r)xT(M) 

(see proposition 9 of [Liu5] for its construction) is injective over the whole 
X Xm„ X T{M). In terms of the notation of proposition [T] of the cur- 

rent paper or proposition 12/corollary 3 of [Liu5], the union of cones Ui>oCp. 
corresponding the kernel of the bundle map is empty. Thus the simplifying 
assumption in section 6.1 of [Liu5] has been satisfied automatically because 
the restricted family moduli space A^c7-m(£;)£;-V e Y{T) = 

^i^canon) ^ Af„ ^(r) docs uot intcrscct with Ui>oCp; = at all. The ar- 
gument of theorem 4 of [Liu5] is then applicable and we may identify the 
integration of the top intersection pairing of the localized top Chern class 
along Dr (over r(r)) and ci(H)''""c;A/„+ranfec(v,„„„„-w,„„„„)+q-i 78 

^jr5>VM,.+ixT(M)XM„'i'(r)i-^y(r)xT(M)(ctota! (Tr), C-'^{E)E-J2er(C-M(E)E)<0^i)' 

which is nothing but the modified invariant .4^iSyV^^^^^^ xt(m)xji,j Y{r)^Y{r)xT{M) {(^totaiiTr) i C— 
^{E)E—J2ei-{c-'wi(E)E)<o definitional Consult section 6.1-6.4 of [Liu5] 

for the details of the identification. 

Next we consider the general (and a priori more complicated) situation when 
r is not minimal under |=. 

Induction Hypothesis: Assuming that for all the F' e Ir (i-e. F |= F'), the 
integral of the following top intersection pairing with localized contribution of 
top Chern class 

(-l)'"^C™„fccW„„„„-i(7r;^Wca„on«)H®r"e/r, 0(-Dr")|Dr') 

l<i<rankc^^ canon 

nZ3p7^[£'r'] n ci(H)'^*'"'^*''^"+''''"'^'^^'^'^""°"^'^^''"°"''+'~"^ 
have been identified with the modified algebraic family invariant, 



^^^^*Mn + iXMnY{r')xT{M)^Y{r')xT{M)i(^totaliTr'),C-M{E)E- ^ e';). 

e';-(C-M(£;)_B)<0 

As usual are the type / exceptional classes over Yt' and rp' is the associ- 
ated tau class defined for F' by definition^] on page 1561 

By proposition 1161 one may "collapse" the blowing up sequence indexed 
by 7r (following the reversed ordering of \=) to the new blowing up sequence 

''^We skip the push-forward operation into A- (X) on the localized top Chern class by inter- 
preting the cap product with the complementary power of ci (H) as capping this natural Chern 
class pull-back by Dr i— » X. To simplify our notations, we will adopt the same convention 
afterward. The reader should be able to recover it from the context. 

^^In the following inductive argument, a specialization of our argument for the general case 
also provides a proof for the special case. 
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indexed by the reduced index set /r (see definition^lfor its definition) following 
the reversed linear ordering of h without changing the answer. As was argued, 
the permutation and the collapsing of blowing up centers not affect the result 
of the localized contribution of top Chern class. Thus the yet-to-be-identified 
intersection pairing is equal to ®° 

i — rankc'W canon 

i=l 

Among the many different blowing ups indexed by the graphs F' G Jr , when- 
ever r' 6 the restricted family moduli spaces ■^c-MfB'iB-V e' ^^-in 

F(r') can be viewed naturally as sub-schemes oi MQ_■^f^^^_y^ x 

Y{T) (by adjoining curves in -^(^_Mf£;~i£;-V e' ^'^ exceptional 

curves dual to Ee,■(c-M(£;)^;)>0;e^(c-M(£;)£;)<o ^0 ^'^^ therefore sub-scheme of 

Mc-M{E)E XAf„ Y{T). 

Under the reversed t- linear ordering of blowing ups, these blowing ups with 
r' G are performed at the very end of the linear chain of blowing ups 
parametrized by Ir- Thus we may decompose Ir = -^r*lJ(-^r — Ir') ^^'^ use 
residual intersection formula to re-write the above intersection pairing as 

i — rankc'^ canon 

{ (-l)'~^CranfccW,„„„„-i(7r^ Wcaiion » H (X)p,gj j» O(-i)r')) 

' * -'^ r ^ 

i=l 



- { (-l)'"^C™nfccW,„„„„-»(7r*. Wcanon(S'^^(S^,eI^■^'h^^C>{~D^^)) 

r'e7>> i=i 

n£)j,7^ n [i)p,] nci(H)'*™c*^"+™"'''^(^'^— 

In the second term of the above sum (i.e. when F' G )' index set 
restriction 'Ti G /r;r' 1^ Ti" is the same as the alternative restriction "Fi G 
(/r -/>>)lJ{Fi|Fi G />>;F' » Fi}"._8i 

By the definition/construction of Ir and Iff, all elements F" G (/r — /f^) sa.t- 

isfy (r, X]ei-(C-M(_E)E)<0 "^i) ^ ^J2e'/ ■{C-'M{E)E)<0 ^i) ■ ThuS i^' ,J2e[-{C-M{E)E)<0^'i) ^ 

^''The space Xr with the exceptional divisor Dr denotes the blowing up of Xr- The hatted 
divisor _Dp/ have been used in the previous subsection already to denote the exceptional 
divisors blown up following the reversed linear ordering of h inside /p . 

*^It is because h is identical to 2> on the subset and by the definition of h (see definition 
I17i the elements in are larger than all elements in /p — L^) 
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(r", J2e"-(c-'M(E)E)<o ^i) ^ since we know V £ . By the discussion of 
lemma the alternative index set restriction on Fi can then be replaced by 
the equivalent one 'Ti S /r'"- Then by applying proposition 1161 to Iy' and Jp', 
we may "un-coUapse" to restore the reduced index set Ir' back to Ip' without 
affecting the result of the intersection pairing. This implies that the second 
term of the above expression can be expressed as (observe that the hat of Dr' 
or has been removed) 



i—rankc'W cajion 

- ^ { (-l)'"^C™„fccWc„„„„-^(7^JWca„or^<8)H(g)^le/^,C'(-£'^l)) 

r'e7>> i=i 

Then by the Inductive Hypothesis on pagel83labove. the integral of each 
of these terms is equal to a modified algebraic family invariant attached to V and 
the original yet-to-be-identified intersection pairing of the localized contribution 
of the top Chern class with ci(H)''*'"<=^"+'^''"'=c(Ve„„„„-We„„„„)-Hg-i jg gq^^^j 



i—rankc'W canon 

/ V — ^ r r 



iXM„Y(r')xT(M)^Y(r')xT(M) 

ictotaiiTr'),C-M{E)E~ J2 

T'e/j? e'.-{C--M{E)E)<0 

If we can identify the first term in this sum with 

{ctotaiiTr),C-M{E)E- e^)' 

ei-(C-M(_E)_E)<0 

then by definition ll3l the total expression is exactly what was defined to be the 
modified algebraic family invariant attached to F, 

•^^^M^+iXM„Y(r)xT{M)^Yir)xT{M)i'^totaliTr),C-M(E)E- ^ a) 

ei-{C-M{E)E)<0 

and then the identification is complete. 



^■^This inductive pattern is exaetly why we had defined the modified invariants earlier on 
page lSSl in this way. 
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In the rest of the proof we identify the first term of the last sum with 
the specific mixed algebraic family Seiberg-Witten invariant associated with 

CtotaliTr). 

Following the same convention as in [Liu5] , wc let fci < A;2 <•••< /cp be the 
subscripts such that e^, • (C - M{E)E) < for aU 1 < i < p. 

Case I: In this case we deal with the more interesting situation that e|. > 
efc, • (C - M{E)E) for all 1 < i < p. 

Step One: Firstly we make use of the assumption e^. > e^^ • (C — M(£')£'), 
1 < i < p and show the following Chern classes identity for Vquot , 

Lemma 25 Let iTg : X Xm„ Y{T) ^ Y{T) x T(M) and tt^ : Y{T) x T(M) 
Y{T) be the natural projection maps. Let 'Vquot be the quotient bundle of 
canon y(r)xT(Af) as was defined on page\n\ Let rr be the tau class defined in 
definition \l(A on vaae \5b\ 

Suppose that e\. > efc. • (C — WL{E)E) for all 1 < i < p, then there is an 
identity among the top Chern classes over X Xji/^^ ^(r), 

Ctop(H (8) TT*gVquot) = Ctop(H ® 7r*rr) n Ctop{n*gTTf'NY{r)X). 

Proof: Let Q^. and Ec be the line bundles associated to the invertible sheaves 
Qki and £c which appeared in definition [TUl fsee also proposition [T^ . 

Define the vector bundle Gr = H ® tt * ©i<i<p ttj NY(re^ )Mn\Y{r) ® Qfe; 
Ec ^ X Xm„ Y{r) to be a rank dimcMn — dimcy{r) = codimc^ vector 
bundle over X Xm„ Y{r) ^3. 

By prop [SI on page |^ in subsection 13.21 definition 0| on page 1201 and the 
tensor product formula of the top Chern classes, we know CtopCH. (X> 7r*Vg„oj) = 
Ctop(H (g)7r* V,„ot). 

Thus we have 

Ctop(H <E> TTgVguot) = ctop((H ® TT*gVquot " Gp) © Gr). 

Recall that by proposition^lin section ^''l^lthe space Y{r) — ni<i<py(re^. ) 
is a transversal intersection of smooth loci F(reJ. We also know from lemma 9 
of [Liu5] that all the ^(Fe^. ), being the family moduli space of et^, are defined 
by regular global sections of 7^°7r*(Oy^ ^, over M„ determined by 

the morphism of locally free sheaves 

^''Notice that Gr is constructed from N^xm Y(r)^ twisted by Q^^ and Eq on direct 
direct factors. 

*^Or equivalently by proposition 4.7 on page 426 of [Liul]. 

*^The former is invertible, while the latter is the canonical obstruction bundle of e^. . 
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the normal sheaf of Y{re^. ) in M„. 

By definitional lemmalTTIand definition^ the class Vg„ot— ffii<i<pNy(r^^ )Mn\Y(r)® 
Qki ® Ec is equal to rr (expressed here by a difference of vector bundles rather 
than the corresponding locally free sheaves) , and is represented by a vector bun- 
dle of rank rankc'V quot — codimcY(r). This and the Whitney sum formula of 
the top Chern class imply that Ctop(H (g) n*Vquot) = Ctop(H (g) n*Tr) n Ctop(Gr). 

Because for the type / exceptional class 6^. = Ek^ ~ Ej^, the smooth 
locus Y{Te^.) C Mn has been the regular zero locus defined by the canonical 
global section of We^. = T^.'^tt* (Oy^ ^ {Ek^)), defined by the canonical al- 

gebraic Kuranishi model of Cfc- (see section 6.2 of [Liu5]). So We^. lY(re^ ) — 
■^Yi^ck By lemma 10 of [Liu5], this implies that the top Chern class 

Ctop(7r;VtNy(r,,jM„|y(r) ® QfeJ H ® £c) on X Xm„ Y{T), where F(r) = 
ni<j;<pF(rej. ), is equal to the top Chern class of the un-twisted version Cfop(N^*(7r*y(rej. )^^n|y(r))- 

Because this is applicable to all 1 < i < p, we find that Cfop(Gr) = 
Ctop(7''g7rJ'Ny(r)M„). The proof of this lemma is complete. □ 

Secondly we consider the normal cone (into its compactification) C^^^^^^ Y(r)-^T ^ 
'^i^XrXM y(r)^r ® 1) of the closed embedding Xr xm„ Y{T) C Xr- 

Consider ^'^ the blowing up along Xr X-m„ Y(r) x {0} C Xr x C. The 
exceptional divisor of this blowing up is isomorphic to P(C^^^^^ Y(r)-^T ® !)• 

As it projects onto X Xm„ ^(r) x {0} C X x C under Xr x C ^ X x C, by 
the universal property of the blowing up (proposition 7.14. on page 164 of [Ha]), 
^(^XrXM y(r)"^rffil) maps onto the exceptional divisor PCNxxM^Yir)^ ® 
1) of the blowing up along X Xjv/„ ^(r) x {0} C X x C. Then it induces a 
surjection of the normal cones C^^^^^ ^j-p^Xr t-^ 'NxxMnY(r)X and we have 
the following commutative diagram, 

XrXM„r(r) C^^, (p)Xr ^ P(C^^^^^^^(p)Xr©l) 

XxM„l"(r) ^ Cxy,,,^Yir)X P(CxxM„y(r)^©l) 

As the exceptional divisor Dr maps into ^(r) under Xr i-^ M„, we have 
Dr C Xr X M„ ^(r). Our original intersection pairing involving Dr can be 
pushed- forward by (tt^)* (here tt^ : Xr i— > Xr is the blowing down map) into 

*^This lemma implies that the restriction of the top Chern class of a vector bundle E to 
the regular zero locus Z{s) with codimension rankcE of its regular section s is equal to the 
restriction of the top Chern class of E iX) Q, twisted by a line bundle Q. Notice that it holds 
only because we are working in A-{Z{S)) instead of the whole space X. 

^'^ following chapter 5 of [F]. 

**The embedding is regular, so we use Njfxjf Y(r)^ ^'^'^ ^Xxm Y(r)^ interchangeably. 
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Ao{Xr X M„ ^(r)) and it defines a zero dimensional cycle class lying inside 

Either by a direct computation on the localized contribution of top Chern 
class (involving the Segre class of some normal cone), or by the technique of the 
deformation to the normal cone (consult chapter 5 of [F]) from Xr Xm„ Y{r) C 
Xr to Xr xj\/„ ^(r) C C^^^^^ Y(r)-^^^ replace the total space Xr by 

a linearized object of the same dimension, namely the projectified normal cone 
P(<^XrXM„F(r)^r ® 1) or its affine part Cj^^^^^^Y(r)^r- 

Define TTf : P(C_^^^^^ y^p^Xr 1) i-^ x m„ ^(r) to be the projection 
map. To get a global intersection pairing on P{Cj^_^^^^ yj-p^Xr ® 1) which is 
refined to our localized intersection pairing, we twist the bundle 7rj7r*Wcanon 

by O(Poo), where = P(C^^^^^^y(p)Xr) C P(C^^^^^^y(p)lr © 1) is the 
divisor at infinity. As our intersection pairing is localized at the zero section 
-^r Xm„ ^(r) (totally disjoint from Poo), the fact that O(Poo) is trivialized over 
the affine cone C^^^^^^ Y{r)-^^ allows us to remove the ©(Poo) tensor product 
effectively in our calculation 

Consider the pull-back of the H- twisted short exact sequence ^ '^cancn I 
canon |y(r)xT(M) Vg„oi •— > (consult page [2] in section ISJ by {ngnhnf)*, 
the short exact sequence exists on the whole space P{Cj^^^^^ Y{r)-^r ® -'^)- 

92 

By proposition llOl we know that the residual intersection formula of Wcanon 
and of Wg^„Q„ are compatible. We may replace the above top intersection 
pairing of the localized Chern class by 



{ctotaK('r/i7r/)*(7r*W^<j„o„(8)H)(X)p,gj^_j>>O(--7r^Dr0)nStota;(7rr(Dr),C^^^^^^ y(P)Xr)}dimcX-ranfccW 



nQ<,p((^^7r/)*(H®^;V,„<,t))nci((^,,7r/)*H)^™^^^"+™"'^-^(v™-W— 

By lemmaESlwe may replace the top Chern class ctop((7r;i7r/)*(H07r*Vg„ot)) 
by ctop ((7rh7r/)*(H(X)7r*Tr)) n ctop((7rt7rg7rh7r/)*Ny(r)M„), which is the same as 
Ctop((7r/i7r/)*(H (g) 7r*Tr)) n Ctop{{TThTrf )*'NxxM„Y(r)X). 

On the other hand the projection of normal cones ttc : C^^^^^ Y(r)-^T 
'NxxM„yir)X induces (by pull-back) a tautological section of {TThTTfyNxxMnyC^)-^ 
overCj^^^^^ y^PjXr and its zero locus is exactly J'rXM„i^(r) C Cj^^^^^ y^p^Xp. 

Therefore the cycle class [Xr Xm„ ^(r)] C A.{Cj^^^^^ Y(r)-^^) represents 
the cap product of the fundamental class with the top Chern class C(op((7r;i7ry)*NxxM„F(r)-''')- 

*^We prefer the former if wo want the space to be complete. 

^"as far as our intersection cycle does not overlap with Poo- 

^^The map ttj, was defined in the above commutative diagram on page 18 7l 

^■^This is the benefit of adopting the projectified normal cone F{Cj^^ yjpjXp © 1) than 

the original space Xp, a replacement of tubular neighborhood in the category. 

^^It extends to a section of (7rh7rj-)*Nx ^ Af„ y (r)-''^ ® ©(Poo) on P(C^^^^^ y^pjXp ® 1). 
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Thus we may replace this top Chern class Ctop((7rft7r/)*NxxM„y(r)-'^) in our 
pairing by the zero section cycle class [Xr Xm„ ^(r)] of the compactification of 
the normal cone. Consequently, we can restrict the intersection pairing to the 
zero section Xp >^m„ Y{T) of its normal cone in Xr and get 



nc,„p(<(H®7r;rr))nci(<H)*™-^^"+™"'=-(v.„„„„-w.„„„„)+,-i ^_4^(^^^^^^y(P))^ 

Let us summarize: In step one we have succeeded in restricting the top 
intersection pairing to the subspace Xr Xj\/„ Y{T) by using some novel property 
of 'Vquot- The class Ctop{VL (X) 7r*Tr) has appeared because of lemma 1^ 

Step Two: Consider the bundle map 7r*(7r;W°„„„„|y(r)xT(M)«'H) >^ 7r*(7r;W,„„„„(g) 
H) induced by H-twisted version of the tt*— pulled-back vector bundle map 
canon '"^ W^anon ovcr ^(r) X T{M) (sce pagcEJ puU-back by TT^. Our goal is 
to explain why we may use the top Chern class of 7r,*(7r*W°^„jj„|y(r)xT(M) 8)11) 
to replace the complicated bundle tt)^ (tt* W^^„q„ (g) H) ® C(~ X^r'e/r-/^ r') 
in the localized contribution of top Chern class. 

Observe that for aUr G /r-/f?>, (r, Ee..(c-M(i5)£;)<o ^i) ^ (r", Ee;'.(c-M(£;)B)<o O- 
This condition □ (consult definition 1151 for its definition) implies that the sub- 
scheme A^„_J^,,„^„v^ XM„Y{T)r\Y(r') can be embedded into 

Mc-miE)E-y , e' XM„nr)ny(r'). 

Then by proposition 1 1 41 and the remark El right after its proof, we may de- 
compose Mc-m{E)E'>^M,Y{T) into the union of the natural image of J^c-'M.(E)E-y 

YlV) and the image of the union ^T'eir-^c-miE)E-Y^ e' ^m., 

F(r)ny(r'). 

On the other hand, by using the induced bundle map T^g^canonW (r)xT{M)'^ 
H I— > 7r*W^^„o„(g)H (consult page|^in section|3I) and by using X D ^(s°a„o„) = 
■^c-M.(E)E-Y^ e ' realize that the image of the union 

^r'eIr^C--M(E)E-T e' >< M^Y{T)nY {T') in Mc-M{E)E C X, 

^ ' ■(C-M(B)E)<0 • 

the excess component, is nothing but the projection image of the intersection 
of the section s°„„o„ and the kernel cone, 7r^;w°„„„„®H(s°a„o„ n (UooCpJ).^''^ 

Therefore the blowing ups of these loci into the union of divisors Up,gjj,_/» Dr> 
has fitted into the framework of proposition|51under the identification '^g'^canonlxx m Y{r) 
H ^ E ^ F ^ 7rg*W,,„„„ ^ H o ver Xr x m„ Y{T). 

^■'We have changed the index set of the union of sub-schemes from 7p to Jp by remark [TTl 
on page 1661 

^^The kernel cone means the algebraic sub-cone associated to the kernel semi-bundle of the 
map 7r;W°,„„„ ® H ^ '^S W^„„on ® H. 



(C-MIE)E)<0 

(C-M(E)E)<0 
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Then by proposition |51 the push- forward of the localized contribution of the 
top Chern class into X x m„ Y{T) under tt^ 



into A.{X X M„ ^(r)) is numerically equivalent (=) to the top Chern class 
of 7r*W°„„„„|y(r)xT(M) ® H, 

By the definition of numerical equivalence (see page 123 definition O , the 
push- forward to Aq (pt) of their pairings to arbitrary complementary dimension 
cycle classes in X x m„ ^ (r) are identical. So the original top intersection pairing 
can be replaced by the much simplified version, 



for the purpose of evaluating their push-forward to AQ{pt). 

<v' To summarize, we have succeeded in casting the original intersection pair- 
ing to one on the smooth space X Xm„ which only involves the top Chern 
classes of 7i'*W°„„Q„|y(r)xT(Af) ® H and 7r*Tr ® H and the cycle class ci(H). 

Step Three: Finally we are ready to identify the last expression in Step Two 
with the mixed algebraic family invariant. Recall the tensor product formula of 
the top Chern class, 

Ctop{n;rr H) = ^ ^(^^rr) n ci(H)™"'=-^--*. 

0<.t<.rankcTr 

If we insert this identity into the final expression in Step Two, we get 



ctop (TTg W 1 y (D X T(M) ® -H) net (TTg rr ) nci (H) 

0<t<rankcTr 

Recall that from lemma 6 of [Liu5], ((^'v°„„„„w°„„„„, V°^„q„, W°q„q„) with 
canon — canon is the Canonical algebraic family Kuranishi model of the class 
C — M.{E)E — J2ei-(c-M{E)E)<o^i ^'^^^ ^^"^ Space Af„ x T{M). As we have 
pointed out on page 1811 at the beginning of the current proof that after adding 
the "correction term" rankcTr, 

rankcTT + dimcM„ + rankcCV canon ~ Wcanon) + g - 1 

= dimcF(r) + rankc^Slanon - ^lanon) + 9 " 1, 

is nothing but the expected family dimension of the new class C — M(£')£^ — 
Ee..(C-M(i;)i;)<oe»overy(r)x T(M). 

^^Remember that raraA;cW°„„o„ = r-anfcc W^„„^^! 
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Therefore the push-forward of top intersection pairing 



in X Xm„ Y{T) = V{Y,anon) X M„ Y {T) = P(V°,„„„) Xm„ Y{T) to A^{pt) 
is equal to the mixed algebraic family Seiberg-Witten invariant 

{ct{TT),C-M.{E)E- e,). 

ei-(C-M(£;)£;)<0 

Thus the total summation over t is 

0<t ei-(C-M(£;)B)<0 
= ATSyVM^^-^XM„Y{r)xT{M)^~^Y{r)xT{M) 

ictotaiiTr),C~MiE)E~ 

ei-(C-M(£;)_B)<0 

We are done with the Case I! 

Case II: If there exists a type / exceptional class Cfc. such that > ■ [C — 
M.{E)E) > e|. , Tr has been defined to be zero in section l5^ on page[Sni In this 
case we derive a vanishing result on the top (= dimcX — ranked canon) inter- 
section pairing of ci (H) with the localized contribution of top Chern class. It is 
well known that if the total grading of an intersection pairing of characteristic 
classes exceeds the dimension of the space, the intersection pairing is equal to 
zero. Our goal is to show that the cap product of the localized contribution of 
the top Chern class with ci(H)'*™cAf„-Hra»fec(v<=„„o„-Wea„c„)+9-i vanishes due 
to dimension count. 

For notational simplicity, we assume that Cfcj • (C — 'M.{E)E) > . That is 
to say, we take i = 1. Because our argument only makes usage of the dimension 
count, we do not lose any generality in adopting this convention. 

Step One: Firstly we derive a lemma which will be used later. 

Lemma 26 Let np : F B be a finite rank vector bundle over B. Let sf 
denote the zero section embedding sf '■ B i-^ F. Let r > rankcF be a positive 
integer. Then for all (3 £ ,4, (B) such that Stotai{F) n /3 has no grade < r 
components, the following identity holds, 

Sf*{/3 n Stotal{F)}r = {TTp/JIr- 

Proof of the lemma: For all a G Ar{B), where r is a fixed natural number 
> rankcF, we have (see example 3.3.2. on page 67 of [F]) 

SpSF*{a}r = CranfccF(F) H {a}r = {ctotaliF) C] a} r-rankcF ■ 
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One can extend this equality trivially to all a G A>r{y et,^ )) with grading 
> r as they do not contribute to both sides of the identity. 

Therefore by the reciprocity property of the total Segre class and the total 
Chern class and by taking a = stotai{^) n /3, we find SpSF*{stotaz(F) n /3}r = 
{/3}r-ran/ccF for all /3 Satisfying the grading assumption in the lemma. 

And therefore SF*{stota/(F) fl = {7rp/3}r because the Gysin homomor- 
phism satisfies Sp = (TTp)"^ (please consult page 65, definition 3.3. of [F]). The 
lemma is proved. □ 

Step Two: The yet-to-be-identified intersection pairing 

i— ranked ^anon 

' * -'^ r ^ 

4=1 

ni)jrl ^ p^^(jj)d4mcAf„+ranfcc(Ve„„„„~We„„„„)+?-l| 

can be pushed- forward as a zero dimensional cycle class into Aq(Xy- xm„ 
Y{T)). Because that y(r) C Y{T^^^), lrXA/„r(r) C Ir XM„>"(re, J. Similar 
to what was done in step one of Case I, we may deform to the projectified normal 
cone and replace Xr Xm„ ^(r) C Xp by the inclusion into the zero section of 
the projectified normal cone of X Xm„ Y{re^^), 

Xr XM„ F(r) c Xr xm„ Y{T,,^) c P(C^,,,, y(r,^ )^r © 1). 
Correspondingly, we twist the obstruction vector bundle 7rj7r*Wcanon by 

Then the derived exact sequence of locally free sheaves 

7^°7^»(OM(£;)£;+Hfcl ® ^c) ^ T^"t^*{Om{e)e ® ^c) ^ T^^'^*{Ob.^^ ®^c^m.(e)e) 

induces a short exact sequence analogous to the short exact sequence on page 
1211 One can interpret the construction of this new sequence as a special case of 
the general construction once we "formally" consider e^^ to be the unique type 
/ exceptional class which pairs negatively with C — 'Ml{E)E. For notational 
simplicity, we still denote the corresponding sequence of vector bundles by the 
same notation as before, ^^ W^^^^^ i— > WcQ„on '^quot 0. This 
sequence breaks Wca„on|y(r)xT(M) into the factors W^^„q„ and V,„oi- In the 
current context, the symbol "Vquot means the vector bundle associated with the 
locally free summand of T^^tt, (Osfc ® Sc-m.{e)e) ■ Then by proposition II 01 we 
may identify the above expression with 

^^The twisting of this line bundle O(Poo) does not play an essential role in our argument, its 
presence only makes the notations slightly more complicated. Nevertheless we do not remove 
it in Case II as we do not always keep our cycle disjoint from Pcxd- 

^*In our current argument only the ranks of these bundles matter. As far as we do not use 
specific properties of these bundles, the slight abuse of notations does not cause trouble. 
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{ctotal{iT^gT^f)*{Mcanon'^'^{'Poo)<S)U)(S)j.,^j^_j>>0{~TT}D^^^ 

nctop{n}iTT;v,uot ® o(Poo) ® H)) n ci(h)*"^*^"+™"'^-^(v™-w— 

Now we push forward this grade zero cycle class into ^o(P(Nxxm yrr^ )X(B 
1)) by TTp,. Take Poo = P(^xxm Yir^ )X) to be the divisor at infinity in 
P(NxxM„i'(re^ )X © 1). By proposition |S1 and the observation/argument used 
in proposition the TTp* push-forward of the localized contribution of top 
Chern class {ctota,((^<;'r/)*(W„ 0{Poo) ® H) ®r'e/r-/>> 0(-^}£>r')) n 
s{TTr{Dr),C^_^^^ y(r)"^r)}ciMncX-w^„„„„ can be written as the difference of 
two localized contributions of top Chern class, 

{Ctotal (tt; W,„„„„ ® O(Poo) ® H) n Stotal (^(s,„„o„) X m„ ^ (F), N^x m„ ^(r,,^ )^) 
-Ctota/KW,,„„„®0(Poo)®H)nStota/(Ur.g/,_7>>^(s,,„„,JXMjr 

where the section s^anon is the induced section of tt* W^^„q„ (g) H by 

'^x'^canon\xxM„Y{r) ^ Wcanon 

and s°„„„„ and the sub-schemes ^(s^a„o„) XM„i^(r) and Ur.e7j,_7>>^(Sca«o«)xAf,. 
(F(r') n y(r)) are embedded in the zero cross section X x ^ Y{Tef._^) C 

Set z, = z(s,,„„J XM„ Y{T) and = Ur,er,-r>>^U„) xa/„ (r(r') n 

y(r)) and tz^ : C P(Nxx,,„ Y(re, )X ® 1) for a - 1, 2. 

We will give a uniform argument for both a = 1 , 2 that the top intersection 
pairings 

vanish identically. 

Step Three: Because < Cfc^ -(C— M(_B)_B), one observes that the expected 
dimension of the family moduli space of C — 'M.{E)E — eu^ over Y{Tek-^ )i 

(C - M{E)E - eu,f - ci(Km„^,/mJ ■ {C - m{E)E ~ e^J 



S^Here Trp : P(C^ 



Xrx„ YiT )'''^® 1) '-^ P(Nxxm y(rei )^el) is the projection map. 
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ci(Km„+,/mJ • efci , {C - MiE)E - CkJ^ - ci{Km„^,/mJ ■ (C - MiE)E - e^J 



= dimcMn+Pg+- 

^ ^ (C - MiE)E)^ - ci(Km„^,/mJ • (g - MiE)E) 

strictly smaller than the expected family dimension of the class C — M (£')£' 
over the family M„. We use this observation to derive the vanishing result. 

Define B = X Xm,. Y{Te,^), F = N^XM„y(r.,^ : F C P(F © 1) and 
jza ■ Za C X Xm„ Y{Te^_^) = B. Then iz^ can be factorized as tp ° sp o 
Because both Zq C X Xm„ i^(r) C X x Af„ F(rej,^), there is a short exact 
sequence of normal cones (see example 4.1.6. of [F] for its definition), 

^ jlNxxM„y(re,^)^ ^ Cz„NxxM„y(r,,j^ ^ Cz„X xm„ Y{r,^J ^ 0. 

By the product property of the total Segre classes for short exact sequences 
of cones, the final expression in Step Two can be re-casted into 

LF*SF*jZa*{ctotal{Trl'}Kcanon'^^i'P'x>)®'H.)r\Stotal{Za,XXM^Y(re^^^ ))r]StotalUz^'^)}dimcX-rankcyV^^^^^ 

nctop(^;(Pei)KV,„<,,®H)®0(P„o))nci(7r;(p^i)H)*"-*^"+™"'=-(v="'-"-w^""°")+«-i 

= t-Frisptij Za,*{ctotal{T^l'^Kcanon'^^)<^Stotal{Za, X X M„Y (Te,^^ )))nStota; (F)}dimx-™nfecW^„„„„ 

nctop(^F(7r;V,„ot0H)0C'(P„,))nci(7r;H)*"^*^"+™"'=^(V— 

Be&ne P = jz^*{ctotaliTT*gyV_canon'^'H-)nStotal{Za,XXM„Y{Te^^))) £ A(XXm„ 

y(refcj) and set r = dimcX - rankcW^anon- Then {/? n stota/(F)}r is the 
push-forward of the localized contribution of top Chern class over C F into 
A(XxM,.l^(re,J). Then by e.g. proposition 13 of [Liu5], {|3C^Stotal{'P)} s = 
for all s < r. Namely, the localized contribution of top Chern class is the lead- 
ing (lowest grading) term of the intersection pairing. 

Then the assumption of lemma 1261 of Step One is applicable and we know 
sp*{/? n Stotai(P)}r = {""p/SIr- Bccausc the bundle projection 7rp : F i— > i? = 
X X M„ Y{Te^^ ) is flat of relative dimension rankcF, and the inclusion tp is a 
proper morphism, and by theorem 3.2.(c)-(d). on pages 50-51 of [F], and the 
fact that the flat pull-back ttJ : Ar-rankcF{B) i-^ A-(F) lifts the gradings up 
by ranfccF, we may rewrite the above intersection pairing as 

lOO^g had used this fact earlier in the proof of proposition IIUI too. 

After we introduce TTp into our formulae, the cycle class is not "refined" in X x m„ ^(rej,^ ) 
any more! 
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= iF*{7rp{/3nCi(H)''™'=^'^ ™"''^'^^'"'"°"}dimci'(r„^^ )-ranfccW^„^^^^-(dimcX-ranfccWe„„o„)}nCtop(7rp(p^l) (7^*Vg„ot'X'H)®0(Poo))• 
We have used dimcX — rankcF = dimcY{Te^_^ ) in the above derivation. 
Yet the grading dimcY{Te^^^ ) - rankcyS-canon ~ {dimcX - ranked canon) 

of {•} is exactly the difference between the expected family dimension of the 

class C — 'M.{E)E — over Y{re^._^ ) and the expected family dimension of 

the class C ~M{E)E over Af„. 

As we assume < e^^ • (C — M.{E)E) < 0, we have already shown at the 

beginning of Step Three that this grading is negative. Therefore 

( Pr^^ /'TJ\dimcX — rankc^canon\ n 

TTplpI lCi(^±lJ |cy(re, )-rankcW -((i'imcX-ranfccWe„„o„) — " 

ki canon 

and therefore the whole intersection pairing vanishes. In particular its push- 
forward into Aoipt) = Z is zero. As this holds for both Zi and Z2, the original 
intersection pairing (their difference) is also zero. We are done with Case II. 

As we have finished the identification with the mixed algebraic family Seiberg- 
Witten invariants in both cases, we have finished the proof of proposition II 81 

□ 

Remark 19 In the proof of the proposition^^ we only discuss the non-restricted 
case. If one specifies a point t^ G T{M) and would like to count curves in 
Mc~'M{E)E whose images in M are in the linear system \L\ specified by the 
point t^, there are two viewpoints one can adopt. 

(i) . By restricting to a point t^ G T{M), effectively one shrinks T{M) to a 
point. One can think of this procedure as a formal reduction of the irregularity 
g — > and the rest of the deduction is identical to the q = case, where T[M) 
does not play any role here. 

(ii) . Alternatively, one may replace the family moduli space Aic-vi(E)E, 
the total projective space bundle X — "PiW canon), etc., by their t^ — restricted 
counterparts, A^c-m(e)_e Xt(m) {^l} ^n-d X Xt(m) {th}, respectively. One 
may insert the cycle class [ti,] € Ao{T{M)) into the intersection theory prod- 
uct and therefore replace the power ci(H)'^''"°*^"+™"'=c(Vca.o„-w,„„„„)+9-i 
[ti] nci(H)*"'cM-+™"fec(Vca„„„-w,_o„)-i ^gg^ ^j^^jg discussion goes 
through without any change. By either angles the reader should be able to make 

I02^g have used the observation that rankc'Wcanon — rankc;^^^^„^„ implicitly. 
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the suitable adjustments in all the formulae and finish the proof. We do not 
repeat the redundant details here ^'^^ . 



6.3 The Proof of the Main Theorem 

We are ready to combine all the results proved in the paper to prove the main 
theorem of the paper, 

Theorem 1 Let 5 G N denote ^"^^ the number of nodal singularities. Let L be 
a 5(5 — 1 very-ample line bundle on an algebraic surface M , then the number of 
S nodes nodal singular curves in a generic 5 dimensional linear sub-system of 
\L\ can be expressed as a universal polynomial (independent to M) o/ci(L)^, 
Ci(I/) • Ci(M), Ci(M)2, C2(M) of degree 5. 

For the invertible sheaf C = £c '-^ M x T{M) parametrized by a coho- 
mology class C G H^'^{M, Z), we may extend the definition of fc— very ample- 
ness by assuming the surjectivity of the restriction morphism T^^ttt^^jv^)^ (£) i-^ 
'RPi:t(m)*{^ ® CzxT(M)) for all length fc + 1 sub-schemes Z C M. 

Remark 20 Let (5 G N denote the number of nodal singularities. Let C be 
a cohomology class in H^'^{M,Zt) and let C i-^ M x T{M) be the invertible 
sheaf with ci{i\,[C) = C, where : M x {0} C M x T{M). Suppose that 
C is 56 — 1 — very ample and one can find generic 6 dimensional non-linear 
sub-system of the projective space bundle 'P{TTrp(Ai)*{j^) ) — P(Vcanori); then 
one may formulate a corresponding theorem for C, parallel to theorem The 
universal polynomial associated to C is the product of the universal polynomial 
found in theorem\^ and^°^ ASW{C). 

Proof of the main theorem: Let L be a line bundle over M with ci(L) — C, 
then L determines a unique point G T{M) in the connected component of the 
Picard variety. As usual T{M) represents the component of Picard group of M 
parametrizing the line bundles with first Chern class C. Let mi — TO2 = • • • = 
ms = 2 and let A^c-m(_e)_e denote the algebraic family moduli space of curves 
dual to C — 2 Yl,i<s ■which projects to Ms x T{M). Then Mc-m{E)E Xt{M} 
{ti} is the sub-moduh space of curves whose projection into M lie in \L\. Let 
A4.V denote the pre-image of V, a general S dimensional linear subsystem of 
\L\ under the projection map Mc-m{e)e ^t{m) {^l} ^ \L\, then Mv can be 
viewed as the ^ -Km-l _ q(^M) +pg{M) — (5-fold generic hyperplane intersection 
of \L\ = F(Vcanon) ^T(M) {^i}: intersecting with the family moduli space of C — 

lOSpjg^gg compare with rcmark lTHl located right after the definition of the modified algebraic 
family invariants. 

'^'^^In the proof of the main theorem, we switch from n to 5, fitting to Gottsche's convention. 
^''^ Refer to remark ITsl 
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M.{E)E, Mc-M{E)E- It can be also viewed as the set theoretical intersection 
resembling the following intersection theoretical product, 



Ctop{7r*xW,anon ® H) H ^ (H)'^''"^^^^+ " " -^W+P, (M)-3^ ^ ^^^^^^ 

where A^c-m(_e)£; is represented by the top Chern class of the canonical 
algebraic obstruction vector bundle TTx^canon H over X = P(Vcanon) and 
[X ^T{M) ih] £ AdimcX-q{X) is the fiber cycle class determined by the point 

tL. 

This object is nothing but the mixed algebraic family Seiberg-Witten in- 
variant of C — '^2Ei, with an additional [i^] inserted, to restrict C to L, i.e. 
ATSWMs+ix{tL}^Ahx{t[^}{^,C! -2Y,l<i<sEi)■ 
By the discussion presented in subsection 16.41 below, if we choose the linear 
subsystem V generically, then the set Aiy can be decomposed into a portion 
over S-y^, A4v x Ms {Ms — ^reA(S)-{fs}^T) the excess component Aiy 
(UrGA(5)-{7a^r)- 

By proposition 1211 the 56 — 1-very ampleness condition on L implies that 
A4v Xms {Ms — UreA{S)-{'is}^T) has the structure of a finite scheme which maps 
into the generic stratum Yy^. I.e. its image will miss all those Yp associated 
with fan-like T e adm2{5). In particular, both J\Av (Mg — UreA{S)Yr) and 
Mv X-Ms (UreA((5)Yr) are closed sub-schemes of X. 

We emphasize that we do NOT use the very ampleness condition on L to 
gain any regularity of the sub-scheme A4v (UreA((5)-{7^}Yr)- Instead, the 
machineries developed earlier in this paper, namely residual intersection formula 
of top Chern classes, recursive blowing ups of X = P(Vca„on) in subsection 15. II 
and proposition 1181 remark [1^1 etc., allows us to identify through an induc- 
tion argument the intersection numbers represented by A4v Xms Y^ys, i-e. the 
top intersection pairing of the push-forward of the localized top Chern class of 
TT^Wcanon ® H ovcr A4v X Ms ^75 with a complementary power of ci(H), with 
the modified family invariant AJ-SW* of C — 'M{E)E over Ms x {^l}, namely 
the difference of AJ-SyVMs+ix{tL}^Msx{tL}{^j ^ ~ M.{E)E) and the sum of a 
hierarchy of the modified mixed algebraic family Seiberg-Witten invariants of 
C - M{E)E - Ee,.(c-M(i5)i5)<oe» above r(r), for various T e A{5) - {75}. 
Thus we may identify the degree of the finite cycle class [Mv >^Ms {Ms ~ 
UrGA((5)-{7i}^r)] in Ao{pt) = Z with the modified algebraic family Seiberg- 
Witten invariant, ^-r(M)^Af, xT(M)({^i}' C'" 2 Ei<»<5 ^0, defined 
following remark [T^ and parallel to definition 1141 

According to proposition 1131 remark [TEl and remark [TOI this modified fam- 
ily invariant can be expressed as ASW{{tL},C) times a universal degree 6 
polynomial of C'^,C ■ Ci(M),Ci(M)2 and C2(M). Because ASW{{tL},C) = 

Ci(H)P«-9+^^^^^T^^^[P(770(M,L))] ^ land ^ L-L, C-ci{M) = -L-Km, 
ci(M)^ = Km 'Km, the integer can be expressed as a universal polynomial of 
L^, L ■ Km, Km • Km and C2(M). 

On the other hand, the symmetric group of S elements, Ss, acts naturally 
and freely upon the open stratum Y^s j whose underlying set is the set of all 
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ordered distinct (5-tuples of points in M . This free action induces free actions 
upon the sub-scheme A^y x and the smooth ambient space X Y-^s- 

We have the foUowing proposition, whose proof will be postponed after we have 
finished the proof of our main theorem. 

Proposition 19 Assuming that Aiy 'x MsYfs C V x Mg x {ti,} (c X) is a finite 
sub-scheme. Then the push-forward of the zero cycle [A4v XMs Y-ys] G Ao{X) 
into Ao{pt) is equal to S\ times "the number of d -node nodal curves", ds{L), 
defined by Gottsche [Got]. 

When L is 3(5 — 1-very ample, the sub-scheme W C V x M| q in the proof of 
T)roDOsition l2UI is a finite scheme for a generic choice of 6 dimensional linear-sub- 
system V C \L\. Under such an assumption, My ^Ms Y^^ is a finite scheme as 
well. From proposition^] we know that the degree of [A4v XMs ^7*] is equal 
to 51 ■ ds{L). As we have assumed that L is 5(5 — 1-very ample, Gottsche (in 
t)ror)osition l2Q(l has shown that ds{L) actually represents the number of (5— node 
nodal singular curves in a generic S dimensional linear-subsystem V . 

As we have identified the degree of [A^y Xms Yj^] by two different ways, we 
find that the number of (5-nodes nodal curves in a generic S dimensional y C |i| 
(counted with multiplicities) , ds{L), is equal to -g{ ATSW*^j^_^^^f.^y^]^j^y^^f.^y{l,C— 
^Si<i<(5^«)- proposition 1131 and its ending remark [TBI it is a universal de- 
gree 6 polynomial in terms of the four variables L^, L • Ka/, Km • Kj\/ and 
C2{M). So we have finished the proof of our main theorem. □ 



Remark 21 If we replace the singular multiplicities 2 by mi ~ m2 = ■ • • = 
ms = m > 2, and replace the 5(5 — 1 — very-ampleness condition on L ^ M by 
an ( — 1)^ — l — very-ampleness condition, our main theorem can be 
generalized to count curves with S ordinary multiplicities m singularities ^^"^ . 
And the argument is completely parallel to the above argument. 

At the end of this subsection, we offer a proof of proposition E| cited above. 
Proof of proposition ^| We observe that the canonical algebraic obstruction 
vector bundle Tr^Wconon'S'H of the class C—'M.{E)E restricts to an Ss invariant 
vector bundle over X XmsxT{m) (Yj^ x {^l})- This is easy to check by using the 
definition oiWcanon (see section 5.1, definition 5.3 of [Liu3]) and the fact that 
different exceptional CP^s are completely disjoint and are permuted transitively 
under an induced Ss action. Then 7r^Wca„on ^ H descends to a vector bundle 
on the free quotient {X Xms ^tJ/Ss y^riM) {^l}, denoted by Wdescend- 

As usual let M^^'^l denote the Hilbert scheme of M parametrizing the length 
36 sub-schemes of M. Consider the universal sub-scheme Zjs{M) C M x M^^'^l 
and the projection maps, 

Consult the discussion in next subsection, 
-'^'^'^in a general (IHil^+ii _ 2)(5 dimensional linear sub-system of |L|. 
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P3S 

M 

The fibration of universal divisors (curves) D i— > \L\ of the hnear system 
forms a divisor in M x |L|, and is called the universal divisor. The line bundle 
0\l\xm{D) for the universal divisor £> C |i| x M is equivalent to t''*l^xm^m^® 
7r*^l ^^^^l^|H, twisted by the hyperplane line bundle H \L\. Then we may 

consider q^stVlsi^®^) = ^'^Q3S*pIs^ = HCJiLsa, of rank 36 over \L\ x M^^^\ 
The smooth quotient space Yy^/Ss parametrizes the un-ordered (5-tuples of 
distinct points in M and is embedded naturally onto the top open stratum of 
MI'^I. On the other hand, let xi,X2, ■ ■■ ,xs be distinct S points on M. Then 
IJi<i<5 ^P^'^(.^M,Xi/'m%[ ,^.) is a length 36 sub-scheme of M. This enables us to 
embed the top open stratum of M'^I into M^^^^ Denote this composite inclusion 
by : YyJSs ^ M^^^l Then we first notice that nj(L35(X)H) = Wdescend, i-e. 
the descend of our canonical algebraic family obstruction bundle coincides with 
the obstruction bundle defined by Gottsche '^'^^ when they are both restricted 
to the top open strata. Again it is because when the 6 blowing up points are 
distinct in M, the corresponding exceptional divisors Ei C Ms+i Y{7s), 
1 < i < 6, are all disjoint. 

Then we have the following short exact sequence 



l<z<(5 ~ 

wliicli is the fundamental building block of the t^-restricted version of the 
canonical algebraic family Kuranishi model of C — M(i?)_E. 

The push-forward of Cm,+i xm.k,, (-2 Ei<j<5 ^ Cm^+iXm,k,, to M x 
Ky_5 defines an ideal sheaf of a universal sub-scheme. It is invariant under a free 

action and we denote its free quotient under by the new notation Z^^ . 

On the other hand M^+i i-^ Af x Mg projects to the trivial bundle M x 
Ms over Ms- So the Ms+i Xms Y^s — * ^ ^ Ky^ -push- forward of the above 
short exact sheaf sequence results in an Ss invariant short exact sequence which 
descends to a short exact sequence on M x (Y^^/Ss), 



(*)0 ^ Iz.,^ (g) n^L ^ Omx{y.„/Ss) ® ^ Oz,^ ®P*^,L ^ 0. 

Over here tt^ : M x (Y^^/Ss) M and p^^ : Z^^ i-^ M are the natural 
projection maps. 

^''^ Consult subsection l6.4l 

-'^'^^Recall 1 : M^j^i i— > M\ = M is the composition of /a, fs-^i, • • . /i, where fi : Mi_|_i i— > 
Mi are the projection maps of the universal spaces, introduced in section 1^ 
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On the other hand Qsslzss '■ ^ss ^ M^^^^ and the pre-image of the subset 
IIs{Yj^/Ss) C MI^''! under {q3s\z3s)~^ (inside the universal sub-scheme Z35(M)) 
sphts into a disjoint union of the form Uj<5 Zi, where each Zi represents a non- 
reduced sub-scheme of relative length 3 over the base Us{Yrg/Ss). 

And there is a corresponding short exact sequence, 



(**)0 ^ ®l<^<5'Iz^ ®pIsL ^ C'z3,(M)ng3-/(n,(yr,/s,)) ®pI&L 



o 



Zi 



)plsL ^ 0. 



We claim that the push-forward the former short exact sequence (*) of Z^^ 
along M X (Ky^/S^) ^ {Y^^/Ss) is isomorphic to the n| pull-back of the qzs*- 
push-forward of the short exact sequence (**) on Ui<i<5 Zi, due to the following 
commutative diagram of maps, 



1-15 



16 



, with ITS : Z^^ Z^slAI) being the canonical inclusion. 

Therefore we can identify the descend bundle 'Wdescend — Q-ys*P'^sL®'¥i, with 
n|g35*p3^(L) (X>H. Moreover, because of the following commutative diagram on 
the bundle maps, 



H* 



H* 



L 



^|L| X Af [■^■'l H^M[3'51 935*^35 {L) 



the descend of the canonical section Scanon\\L\xY^^ corresponds to the Hi- 
pull-back of a section of (735,p|^(L)(g)H and a ray 1 in the projective space \L\ rep- 
resents an algebraic curve in M singular along the sub-scheme IJ Spec{Oxi .m / rn^ . ) 
iff the values of the canonical section Scanon at each of the points 1 x a{xi x 
a;2 X ■ • • X a;^) e PiVcanon), o- e S^, vanishes. 

By our assumption in the proposition, M.v x Ms has been assumed to be 
a finite sub-scheme of F x Mg c X y.T(M) {^l}- Because Mv Y^^ can be 
identified with the zero locus of Scanon in x l^^, , then according to Section 14.1 



of [F], one may define a localized top Chern class of tt^W 

respect to ScanonWxV^ 



)H| 



inside Ao{Mv Xm^ Y^^). 



vxY-,^ with 



® HI 



Because we have identified the 
y with Wsq:is*pls{L) ® H, 



Y^^)/Ss can be identified with a finite 



descend bundle W descend of tt^W, 
the image of tVI^ X-Ms in ■ 

sub-scheme C |L| x M|q, denoted as W in the proof of proposition 1201 

Since the localized top Chern class is defined by the local datum, i.e. the 
total Segre class of the normal cone of the zero locus and the restriction of the 
total Chern class of the vector bundle to the zero locus, the localized top Chern 

iiOpQj. ^jjg definitions of the maps qss< Pss ^'Hd the Hilbert scheme MP"*!, please consult the 
beginning of subsection 16.41 
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class of W descend along Mv >^Ms '^js/^s IS equal to the localized top Chern 
class of (735*^35 (i) ® H over W. 

Since the quotient map X Y^s ^ ^ ^Ms Y-y^/Ss is an un-ramified 
covering map of degree 51, by proposition 14.1. (d).(iii). of [F], the degree of the 
localized top Chern class of n'^'W canon ® H along the zero locus Mv 
is i5! times the localized top Chern class of 'Wdescend along the quotient of zero 

locus Mv XMs Yjs/^S- 

Because W ^ pt factors through W <Z V x M|g t-^ pt, the degrees of the 
localized Chern class oi'W descendW ycY^^ along A^y x M^Y-yJ^s and the localized 
Chern class of q3.s*P%,si^) ® ^ along W are equal and their common value is 
equal to 

C3s{ii®L3s)^ ciiUy nc2s{L3s) ^ C2s{L3s) ^ ds{L). 

Thus the degree of [My x Ms Yj^] is Slds{L). The proof of proposition [T^ is 
finished. □ 

6.4 The Finiteness Result of Mc-m{e)e x Af„ Y^s 

In this subsection, we survey the finiteness result based on Gottsche's argument 
in [Got]. 

Recall the following definition of fc-very ampleness of a line bundle on M, 
due to [BS]. 

Definition 19 A line bundle L on an algebraic manifold is k-very ample if for 
all length k + 1 sub-scheme Z C M , the following restriction map H^{M, L) i— > 
H^{M, Oz ® L) is surjective. 

The 1— very ampleness is equivalent to the usual very ample condition, by 
page 120, prop. 7.3. on page 152 and remark 7.8.2. on page 158 of [Ha]. 

Definition 20 Let M2 C Afl'^'^l be the closure (with the reduced induced struc- 
ture) of the locally closed subset M|q which parametrizes sub-schemes of the 

form Y^i^i Spec{0 M ,xi / fri^M X ■) ' where xi, X2, ■ ■ ■ ,xs are distinct points in M. 

The symbol Aft"! denote the Hilbert scheme of finite sub-schemes of length n 
on M, and let Zn C M x M'"' denote the universal family of sub-schemes with 
projection p„ : Z„(M) 1-^ M and q„ : Z„(M) 1-^ mI"!. Then L„ = {qn)*{Pn)*L 
is locally free of rank n on Afl"!. It is easy to see that Af^ is birational to Afl*! 
and we set d5{L) = /^^ 02,5 (iss)- 

Recall the following proposition due to Gottsche. It is a word by word 
duplication of proposition 5.3. of [Got]. We include it here for the convenience 
of the readers. 
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Proposition 20 ('Gottschej Assume L is 3(5 — 1 very ample, then a general 
d dimensional linear subsystem V C \L\ contains only finitely many curves 
Ci, C2, C3, ■ • • , Cg with > S singularities. There exists positive integers ni,n2, - ■ ■ ,n, 
such that 77,; = ds{L). If furthermore L is {5S — l) — very ample ( 5-very ample 
if S — I), then the Cj have precisely S nodes as singularities. 

For completeness, we inchidc its original proof here. 
Proof (due to Gottsche): Assume that L is (3(5 — l)-very ample. We apply the 
Thom-Porteous formula to the restrictions of the evaluation map H^{M,L) (g) 
Om13S] 1-^ L^s to M| and to Af| — A'/^ o- As L is (3(5 — l)-very ample, the 
evaluation map is surjective. Then ([F] ex. 14.3.2) applied to M| gives that for 
a general 5— dimensional sub-linear system F c |L| the class rf„(Z/) is represented 
by the class of the finite scheme W oi Z e with Z C D ior D eV. The 
scheme structure of W might be non-reduced. The application of ([F] ex. 14.3.2) 
to M2\M2 and a dimension count give that W lies entirely in q. 

Now assume that L is (5(5 — 1)— very ample. Let V C |L| again be general 
(5— dimensional subsystem of |L| . The Porteous formula applied to the restriction 
of Lss+3 to Mj"*"^ and a dimension count shows that there will be no curves in 
V with more than 5 singularities. 

Let M| o C mI^'^I be the locus of schemes of the form Zi U Z2 U Z3 • • • U Z^, 
where each Zi is of the form Spec{OM,xi/{'m^ + xy)) with x, y local parameters 
at Xi and let M| be the closure. If a curve C with precisely 5 singularities does 
not contain a sub-scheme corresponding to a point in M3 
M30, then it has 5 nodes as only singularities. It is easy to see that Mgg is 
smooth of dimension 4^. Applying the Porteous formula to the restriction of 
L^s to M| 

M| q and a dimension count we see that all the curves in V with 5 singularities 

have precisely 5 nodes. □ 

In the following, we generalize Gottsche's argument to our context. Let 
M{E)E = J2t<s 2£^*- Namely, rui = 2 for aU integers i,l <i <5. A line bundle 
L !—>■ M with ci (L) — C determines a unique point in the connected component 
of Picard group, T{M), denoted as tL- The fiber product Mc--M{E)E^T(M){tL} 
is the algebraic family moduli sub-space of curves in the fibers of the family 
Ms+i ^ Ms projecting onto curves in \L\. Then there exists a natural map 

Proposition 21 Let L be a36—l-very ample line bundle over M . Let'M.{E)E = 
J2i<i<s dnd let Mv denote the pre-image of a general S dimensional linear 
subsystemV C \L\ under A4c-M.iE)E >^t{m) {^l} ^ \L\- Then the fiher product 
Mv xms iMs-UreA{S)-{'ys}Sr) of Mv ^ Ms and Ms-UreA{S)-{'ys}Sr C Ms 
is a finite scheme and its image under the projection map to Ms lies in the 
generic stratum Y^^ . 

Proof: It is not hard to see that the image A^y Xm„ Y-yg V corresponds to all 

the curves in the linear sub system V which has at least 5 distinct singularities. 
The space Y^^ parametrizes all the ordered distinct 6 points on M, and the 
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image oi Mv 'XMs ^is i'^ '^is ^"^^ the ordered J-tuples of singular points of the 
curves. According to proposition [501 (by Gottsche), there are at most a finite 
number of singular curves in V with exactly 5 distinct singularities. 

This implies Mv Xa/^ to be a finite scheme. On the other hand, the 
image of A^y 1-^ may have non-trivial intersections with the various subsets 

5r,re A(<5)-{7a. 

To prove the proposition, it suffices to show that the image M.v ^ Mg 
intersect with Yr trivially for all the chain-like F G adm2{5). Then M.v 
{Ms — UrgA(5)-{7a}'S'r) can be identified with the space A4v 'Xai^ Y^s ^^'^ it has 
been shown to be a finite scheme which projects into Y^^ automatically. 

To show that the image oi A4v ^ avoids all the Yp for chain- like T, 
we fix an arbitrary b £ Yr and show that b is not included in the image of 
TWy ^ Ms for generic choices of V. 

Lemma 27 Let T G adm2{5) be a chain-like admissible graph. The fiber above 
the point b G Y{T) C Ms of Ms+i <—>■ Ms determines a 5— consecutive blowing 
ups of M , denoted by M. As usual, let Ei, E2, ■ ■ ■ , Eg denote the S exceptional 
divisors in M of the blowing down map f : M ^ M . Then /,C'j(~^(— 2 X]i<5 ^i) 
is an ideal sheaf C Om of a finite sub-scheme of M of length 3(5. 

Proof of Lemma l?7l Firstly we prove that f^,0£j{~2 YliKS ^i) ideal sheaf 
by showing that it is a sub-sheaf of Om- 

To see this, we notice that C'^~j(— 2 YliKS ^i) ^^'^'^ thus /*C'^:j(— 2 J2i<s ^i) 

f^Oj;^^. On the other hand, the exceptional divisors of / : Af 1— > M are all 
rational, this imphes that f*0^i — Om- Thus, Ei<5 -^i) is a sub- 

sheaf of Om- Let Z be the sub-scheme of M defined by the ideal sheaf 
Tz = f.O^,{-2Y.^^,E.,). 

Secondly, we prove that the length of Z is bounded by 3(5 from above. This is 
achieved by an induction argument on 5. For (5=1, there is a unique exceptional 
divisor Ei. Let x G M be the blowing up point. It is easy to see that Oz ^ 
Om/Iz = O^/ml and Z is of length 3 = 3 • 1 = 3 • (5. 

For (5 > 1, suppose that for all the smooth algebraic surfaces M and all 5- 
consecutive blowing ups, Af , of Af, the ideal sheaf f^,Oj^j{—2 J2i<5 -^i) i^ known 
to define a length < 3^ sub-scheme of A/, we would like to show that for (5+1, and 
the (5-|- 1-consecutive blowing ups M of M , the ideal sheaf f^.O£j{—2 J2i<s+i -^i) 
defines a sub-scheme of M of length < 3((5 -t- 1). 

We notice that / : Af 1— > Af can be factored into f : M ^ M and f : M 
M, where M is a one-point blowing up of Af, with the exceptional divisor Ei, 
and M can be constructed from Af by (5-consecutive blowing ups. 

By induction hypothesis, X]2<i<<5-(-i ^0 defines an ideal sheaf on 

M of the sub-scheme, C Af of length < 3(5. 

Then 

f,0^,{-2 E,)^f,{0,:,{-2 E,)<E>TOj^,{-2E,)) =Iz'S>Om{-2E^), 

l<i<S+l 2<z<(5+l 

Consult definition 151 and the comment afterward. 
^^^The Z has nothing to do with the various Z used in the previous sections. 
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and 



l<i<S+l l<i<5+l 

By using the exactness of the sequence, f*Iz ^ f*^M f*^z^ 
and the fact f^,0]^{—2Ei) being an ideal sheaf of M of co-length 3, the length 
of the sub-scheme defined by (2'^<8)Om(— 2£^i)) is bounded by length{Z)+3 = 
35 + 3 = 3(5 + 1) from above. 

Thirdly, we show that the equality is saturated, namely length{Z) = 35 
for all 5 G N, when T £ A(5) is a chain- like admissible graph G adm,2{5). 
We prove this by contradiction. We know that for 5 = 1 the equality always 
saturates. Suppose that there is some chain-like admissible graph T and for some 
6 e Yr, the fiber M of Ms+i ^ Ms above &, / : M t-^ M, such that the ideal 
sheaf /*C'jQ^(— 2 YIiiKS ^i) = Iz is of length < 2,6. We may assume additionally 
that the smallest natural number 5^ > 1 satisfying the above condition has 
been chosen. I.e. for all natural numbers 5 smaller than 5o a-nd any chain-like 
admissible graphs G adm2{S), the ideal sheaf always defines length 35 sub- 
schemes in M. 

Apparently the question is of local nature, so we may assume that wc are 
blowing up consecutively at the origin € = M. Suppose that the connected 
graph r e arfm2(5o) is a linear chain and the i—th vertex is the unique direct 
descendcnt of the i — 1— th vertex, for all 2 < i < So- Let x,y be the afBne 
coordinates around the origin 0. 

Consider the blowing down of M along the last exceptional divisor Eg^, 
f : M ^ M. Then M 

is a 5o ^ 1 consecutive blowing ups of M at 0. Define 
^•Zo = <^M' ^-Zi = /*Cm(-£'5o) and Iz^ = f^Oj^{-2Eso). Let Iz^ be an ideal 
sheaf of co-length 2 in-between Iz^ and Xz^ , i.e. Tz^ D Iz2 3 Iza ■ Then for 
f : M l-^ M,we have 

/.0^(-2 J2 Ei-EsJ = M0^{-2 J2 Ei)<E>Iz,) D M0^{-2 ^ E,)<g>Iz,) 

i<(5o — 1 2<(5o — 1 i<(5o — 1 

D/.(0^(-2 J2 Ei)<»Iz,)=f.O^{-2Y,Ei). 

The minimality of 6o implies that f*Oj^{—2'^-^g is of co- length 

3(5o-l) inOM. Because /,0^(-2Ei<5„_ii^i) 3 f*Oj^{-2Ei<So ^i) of co- 
length < 3, there must be some a e {0, 1, 2} such that /*(Cm(— 2^^<^^_^ Ei)® 

Tz:) ^ h{0^{-2Y.,<s,-iE^)®Tz.^,). 

Define f*{0^{—2^^^^^_^ Ei) ®Tza) = for such an a. Consider a poly- 
nomial g{x,y) e C[a;,2/] vanishing along the sub-scheme Z. 

The sheaf identification .f*{Oj^^{'-2j2i<So~iEi) ®Iza) = Iz induces an 

identification Va : T{M,Iz) ^ T{M, /* (Cm(-2 Ei<5o-i Ei)®Iz,). 
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Then the image ■0a (ff) of g in r(M, /, (O^-^ (-2 J2i<So-i ^i) ® ) defines a 
zero locus in M. Suppose that g can be chosen such that ipaig) does not vanish 
identically on i?i,i?2, ■ ■ ■ ,Esg-i, then the zero locus Z^ipaig)) = {x\''l'a{g)ix) = 
0,2: G M} in AI is nothing but the strict transform of Z(g) — {x\g{x) — 0,x G 
M} under the 6q — 1— consecutive blowing ups. 

By the choice of a we know that f*Oj^;,j{~2J2i<s ^i^i) ®1za+i — as 
well. So the defining equation 4'aig) vanishes along the length a+l sub-scheme 
Za+i D Za automatically. 

We demonstrate the existence of some counter-example violating the above 
assertion in the following lemma |2HI After it is achieved, then the co-length 
of /*C'a7(~2 ^j^^,-.^^^^ Ei) has to be exactly SSq and therefore the minimal So 
violating the saturation condition can never exist. Then the proof of lemma ITzl 
is finished. □ 

The following lemma supports the counter-example needed in the proof of 
lemma 1771 

Lemma 28 Let M = and let T he a connected chain-like admissible graph 
in adTO2(<5o)- above fix a point 6 G Yp and therefore a 5q- consecutive blowing 
up of M at its origin 0. Let a be chosen as above and let Za, Za+i be the length a 
and a + l sub-schemes of M defined above. Given any nonzero g G H^{AfIz), 
let g G H^{M, Oj^) he the defining equation of the strict transform of the locus 
Z{g) in M (well-defined up to a C* multiplication). Then there exists a nonzero 
g G i^°(C^Jz) such that g G ifO(Af,Oj,y(-2Ei<,<5„_i-Bi) O^zJ but g ^ 

Proof of lemma I2H1 By the embedded resolutions of singular curves in algebraic 
surfaces, (for example consult 8B, page 160-166 of [Mum]), the rational double 
point in a singular curve in defined by the equation x"^ = can be 

resolved into smooth points by consecutively blowing up (5o — 1 times, each upon 
the unique singular point of the intermediate strict transforms. 

Algebraically blowing up a point corresponds to replacing the coordinates 
{x,y) by {x',y'){= (or {x',y') = (a;, |)) in the defining equations. And 

under the first set of change of variables the equation becomes 

^2 _ y2i5o~l) ^ . y)2 _ y2(5o-l) = y'2((^)2 „ y'2(5o-2)) ^ ^.2(^/2 _ y'2{So-2)y 

y V 

Firstly, the strict transformation of the zero locus in the one-point blowing 
up of M at the origin, defined by x'^ = ^'^('^t)"^), has a rational double point 
(^2(5o-5 singularity) at a;' = y' = and it intersects with the exceptional divisor 
(defined locally by y' = here) with a singular multiplicity fi — 2. By induction 
one realizes that the original singular curve gets resolved into a smooth curve 
after (5o — 1 consecutively blowing ups and the resolved smooth curve intersects 
with the last exceptional CP^ (dual to Eg^^i) at two distinct points. This 
can be seen by observing that the Sq ^ 2 case corresponds to nothing but the 
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ordinary double (nodal singular) point. The blowup sequence determined by 
b £ Yr determines a sequence oi do — 1 points in a sequence of the first 60 — 1 
exceptional P^, each representing an exceptional divisor in the intermediate 
blowing ups. Apparently the blowing-up centers in resolving x"^ = y2((5o-i) 
to a smooth curve may not be identical to the first do — 1 blowing-up centers 
determined by 6 G Yr. On the other hand, the change of variables on page 
161, in the subsection (8.6) of [Mum] allows us to move the locations of the 
intermediate singularities that are blown up. We proceed as the following. 

Firstly notice that it requires at least 25o — 1 afSne coordinate systems to 
cover the So — 1 distinct exceptional of M M and the punctured neigh- 
borhood of M around 0. Let (x, y) be the affine coordinate of M at and let 
{x2i-i,y2i-i), {x2i,y2i), 1 < i < ^0 " 1 be the dual afline coordinates on the 
neighborhoods of the i—th exceptional P^. For a fixed i, they satisfy the follow- 
ing transition rules X2i-iy2i-i = X2i, ^ = y2i- The locus y2i-i or X2i = 
corresponds to the i—th P^. To determine the transitions of coordinates among 
different i, it suffices to work out the transition for the adjacent pairs. 

The blowing up sequence determined by b determines Sq—I points vi, V2, • • • , v^^-i 
in the So — 1 exceptional P^ of M M, respectively. 

Firstly focus on the exceptional P^ representing the So — 1-th divisor Es^-i. 
Because Zi = vso-i is a point in this P^, either it is covered by the coordinate 
system {x25„-3,y2S„-3) with j/25o-3 = 0, or it is at the origin of {x25„-2,y2S„-2) 
coordinate system. 

By choosing either {u,v) = {x2So-3,y2So-3) or {u,v) = {y26o-2,X2So-2), we 
assume that {u,v) is a coordinate system around the — 1— th exceptional 
P"'^ containing th point Vi„_i such that v = defines the exceptional curve 
locally and u is a local uniformizer of the exceptional curve. We choose the 
constants a,0 G C, and A e C in the quadratic polynomial gso~i{u,v) = 
(u — a){u — l3) + Av according to the value of a G {0, 1, 2}. 

Notice that when a ^ P, the equation v'^gso-i{^,v) = u-^ — {a + (})uv + 
a(3v'^ + Av^ = represents a curve with a rational double point at the origin 
of (?i, u). We know that u ~ a, u = [3 are the affine coordinates of the two 
intersection points of the resolved smooth curve with Ej^_i, locally defined by 
w = 0. 

Case 0: Suppose that a = 0, then set A = Q and choose generic a and /3 to move 
the two intersection points of the resolved smooth curve with the exceptional 
curve Es„-i away from the blown up point Zi = "vg^-i off : M i-^ M. 
Case 1: Suppose that a = 1. Firstly choose (3 = (3o such that u = (3o\& the affine 
coordinate of blown up point Zi in M. Thus the smooth curve resolved from the 
nodal curve locally defined by v'^gs^^-i{'^,v) =v? — {a + P)uv + afiv^ + Av'^ = 
vanishes along the length one sub-scheme Zi . Notice that in terms of the local 
uniformizers {u — (io),v at (/3o,0) the first jets of gso-i{u,v) are determined by 
a — 00 and A. We choose a generic a, a ^ /3o and A such that the resolved 
smooth curve does not vanish along the sub-scheme Z2. This is possible because 
the length 2 sub-scheme Z2 C M determines a tangent direction of M at Zi 
and the generic choices of a and A can prevent the locus gsQ-i{u,v) = from 
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being tangent to this tangent direction specified by at Z\. 

Case 2: Suppose that 0, = 2. As before we choose (i = (3o such that u = (3o is 
the affine coordinate of the blown up point Zi C P^. The rest of the discussion 
depends on Z2 explicitly. If the length two sub-scheme Z2 represents the tangent 
direction to Es„-i at Zi, then we take a = /?□ and A ^ 0. If Z2 determines 
a tangent direction of M at Zi other than the tangent direction of Eg^-i at 
Zi, then we choose a pair of non-identically zero a 7^ /3o and A such that 
the conic determined by the equation gs„-i{u,v) = is tangent to this given 
direction specified by Z2. Because the first jets of gso-i at {u,v) = (/?0)0) are 
not identically zero, it is apparent that the polynomial gsa-i does not vanish 
along Z3. 

Definition 21 A polynomial f{x, y) G C[x, y\ is said to be leaded by the variable 
X of degree two if it only contains monomials x:'^y^ with < s < 2. It is said 
to be leaded by the variable y of degree two if it only contains monomials of the 
type x^y* with <t <2. 

It is easy to observe that if a polynomial is leaded by x (or by y) of degree 
two, then y'^f{^, y) (or x^f{x, |)), f{x + a-y, y) (or f{x,y + bx)) are still leaded 
by X (or by y) as well. 

We employ the following inductive procedure with decreasing i, 1 < i < 
60 — 2, to determine the transition maps between different coordinate charts 
and gi. Starting from gsg-i = gt+i with i = 60 — 2. 

Case I: If gi+i is leaded by X2i+i or 1/21+2, then consider the following transition 
rule. 

(i) . Suppose that the point is in the open subset of the i — th covered 
by the coordinate system (a;2i-i,0) with an affine coordinate (0:2^-1,0), then 

set {X2i-1 - a2i-l) = y2i+lX2i+l, y2i-l = 2/2i+i; {X2i-1 - Ol2i-l) = X2i+2, 

t/2i-i = X2i+2y2i+2 for the coordinate transitions. 

(ii) . Suppose that the point Vj is not in the open subset of covered by the 

coordinate system (a;2i_i,0), then it must be covered by the affine coordinate 
system (0,y2i) with an affine coordinate y2i = 0. We set t/2i = 2^21+22/21+25 
X2i = 2:21+2; y2i = y2i+i, X2i = X2t+iy2t+i for the coordinate transitions. 

It is apparent that our choices of transition maps are consistent with the 
transitions of dual coordinates (a;2i+i, ?/2i+i) ^ {x2i+2,y2i+2) defined earlier. 

Define g, as {x2i-i - Qi)^gi+i C^"^;.'_~"' , y2i-i) (in alternative (i)) or gi = 
y2i9i+i{^^y2i) (in alternative (ii)) if gj+i is leaded by X2i+i of degree two. 

Define gi as {x2i-i - Q!j)^.gj+i(x2i-i - a^, ^ ) (in the alternative (i)) 

or gi = {X2i)'^gi+i{x2i, ^) (in the alternative (n)) if gi is leaded by j/2i+2 of 
degree two. 

Case II: 

If £fi_|_i is leaded by y2i+i or a;2i+2, we consider the following alternative 
scheme instead. 
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(i) '. If Vi is in the open subset of the i—th covered by the coordinate system 
(0,2/2i) with an afhne coordinate {0,P2i), then set (?/2i - /?2i) = 3^21+12/21+1, 
X2i = X21+U {y2i- I32i) = 2/21+2, X2i = X2i+2y2i+2 for the coordinate transitions. 

(ii) '. If the point Vj is not in the open subset of covered by the coordinate 
system (0,2/2i), it must be covered by the affine coordinate system (x2i_i,0) 
with an affine coordinate a;2i-i = 0. Then we set y2i = X2i+i2/2i+i, X2i = 2^21+1; 
2/2i = 2/2i+2, X2i = 2^2i+22/2i+2 for the coordinate transitions. 

Define g^ to be (?/2j - /32»)^gi+i ( ^^ff , 2/2» - fe) (in the ahernative (i)') or 
y2i5i+i(ffj-,2/2i) (in ahernative (u)') if g^+i is leaded by a;2i+2- 

Define Qi to be a;|jgi+i(x2^, '^"^"f ) (in the alternative (i)') or xl^gi+i{x2i, ^) 
(in alternative (ii)') if g^+i is leaded by 2/21+1- 

It is easy to check that the two-variable polynomial gi is still leaded by one 
of its variables of degree two. 

Hi > 1, decrease i by one, i t-^ i — 1, and repeat the above process until 
i = 0. 

Finally when i = 0, jump out of the defining loops and define^^^ (^, y) = 
(a;i2/i,2/i) and (x,y) = (x2,a;22/2). Define .go(x,y) = y^5i(^,y) if 9i is leaded 
by xi or X2 of degree two. Define go(x,y) = x^(7i(x, ^) if gi is leaded by j/i or 
2/2 of degree two. 

The union of the zero loci in M defined hy gi = 0, < i < Sq — 1 on the 
6q different coordinate charts form an algebraic curve intersecting Ei, 1 < i < 
60 — 1, with multiplicity two. By our construction of gsg-i above, it vanishes 
along Za but not along Za+i- Because this curve is a divisor in M, it is defined by 
a global section 5o G ^°(^, ^m(~^ Si<i<5n-i By our construction 

we know that go ^ i?"(Af, 0^.,(-2 ^i<^<,-^_i £;,) ® 

The explicit form of g^ on all 2(5o — 1 coordinate charts can be determined 
by the gi,Q < i < 5^ — \ (on the 5q charts) and the transition maps among dual 
charts covering Ei. On the other hand, /|j\/_ui< <4 lE- ■ ^-^ ~ ^i<i<Sa-iEi 
M — is an isomorphism under the blowing down map. Under this iden- 
tification (x, y) = f*{x,y), go{x,y) defines a polynomial £ H^{M,Om) — 
C[x,y]. Because go is a global section of (— 2 X)i<i<5 -i^i) ®^Za^ 9o & 

F0(M,/,(O,-,(-2Ei<,<^„_ii^.) ®IzJ) = H"{M,Izj. 

The pair (go, <?o) satisfy the requirement in lcmma[2Hl So the proof of lemma 
El is finished. □ 

From lemma 1771 we know that for all chain- like Fo G adm2{6), the scheme 
Z defined by the ideal sheaf 2z — /*Ca:/(— 2 J2i<s ^i) i^ of length 36. 

This implies that for any chain-like Fq G adm2{d), a point b G Yr„ C Mg^ 
is in the image of Mv Xm^ {Ms — UreA(5)'S'r) if there exists a point c G Mv 
above b such that its image inside the 6 dimensional linear sub-system V under 
Mv ^ V lies in the kernel H°(M,Iz®L) o{H°{M, L) ^ H°{M, Oz®L). I.e. 
the corresponding curve represented by the point c vanishes along the length 3(5 
sub-scheme Z . 

^^^Because we blow up G M. 
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By the 3S— 1-very ampleness condition on L and the argument of Gottsche's 
proposition |5ni for generic choices of C \L\ there can be no such curve. So 
the proof of proposition |^ is complete. □ 

7 Appendix: The Relationship with the Gromov- 
Witten Invariant 

In the previous section, we have given an algebraic proof that the "number of 
5- nodes nodal curves" in a general S dimensional linear-subsystem of can 
be expressed as a universal polynomial oi L ■ L, L ■ ci(Km), Ci(Km)^, C2(M). 
This "number of nodal curves" is understood in the sense of Gottsche (see 
proposition !^ and our proof involves the various constructions in the algebraic 
family Seiberg-Witten theory. The reader working on Gromov-Witten invariant 
may desire to understand the relationship between the "family Seiberg-Witten 
invariant count" and the Gromov-Witten invariant count. As sometimes it may 
lead to some misunderstanding of the result, so we offer some clarification here. 

Firstly, for the difference between the usual "algebraic" Seiberg-Witten in- 
variant (over B = pi) and the topological version of Seiberg-Witten invariant 
(which is equivalent to the "right genus" Gromov-Witten invariant of an alge- 
braic surface by [Tl], [T2], [T3] and [IP]), please consult sub-section 4.3.1 of 
[LiuS] . So we will focus on the difference of our "number of nodal curves" and 
the usual "wrong genera" Gromov-Witten invariant. 

Given a holomorphic line bundle L on M, the adjunction formula, + 
Ci(Kji/) • C — 2g{C) — 2 with C = Ci(L), predicts a preferred genus of curves in 
\L\. An identical adjunction formula holds in the pseudo-holomorphic category 
as well. Taubes had used the pseudo-holomorphic curve counting of the preferred 
genus in developing his "SW=Gr" theorem, [Tl], [T2], [T3] etc. 

On the other hand, in the standard GW invariant the genus of the source 
curve is not pre-determined by the class C = ci{L) G H'^{M,Z). In fact, 
for all (7 G N, it makes sense to define the genus g Gromov-Witten invariant 
GWg{C) which enumerates the virtual number of (pseudo-) holomorphic maps 
representing C E H'^{M, Z) from source curves with genus g. 

The fundamental observation which relates the "nodal curve counting" with 
the number GWg{C) is that a genus g < g{C) (pseudo)-holomorphic curve tends 
to develop g{C) — C nodal singularities. It is because a (pseudo)-holomorphic 
map from a genus g, g < g{G) curve. Eg mapping into M cannot be em- 
bedded (or it violates the adjunction formula) and tends to develop isolated 
singularities in its image (if it is not multiple-covered or bubbling off multiple 
coverings of two spheres) . The nodal curve singularities are preferred because of 
dimension reason. Suppose that the image of Sg has developed singularities at 
xi, a;2, • ■ • , Xfc G M with singular multiplicities mi, m2, • • • , mk for some fc e N. 

Then the adjunction formula for singular curves, exercise 1.3 and corollary 
3.7 of chapter V of [Ha], implies that 
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2g-2 + ^TO,(m, - 1) = + ci(Km) • C. 

i<k 

On the other hand for g >2, the expected dimension of the Gromov-Witten 
moduh space is equal to 

/ fAj\ or fT^ . ^ + Ci{Km) ■ C ^mi(mi-l) - Ci(Km) ■ C ^ mi{mi - 1) 
/ ci{M)-2{g-l)+dimcMg = -ci(Km)-C+ 2^ = , 

"'^a i<k i<k 

where '"^^ is both (i). the expected dimension of Gromov-Taubes 

moduli space (see Taubes [T3]) and (ii). The C dependent term of the sur- 
face Riemann-Roch formula and closely related to the dimension of the (non- 
)Hnear system associated to a given C e iJ2(Af, Z). On the other hand, the 
expected dimension of algebraic curves carrying k singularities with multiplic- 
ities mi,TO2, • • ■ ,mk is at most ^ -ci(^Km)-c _ ^^^.^^( ™»+™' _ 2). Because 
m(m — 1) < m{m+l)—4: for m > 2 and the equality saturates only when m = 2, 
the curves with singular multiplicities > 2 are of lower dimensions in the moduli 
space of genus g curves. A closer look at the type of the curve singularity shows 
that any double point other than nodal (Ai) singularity drops the complex di- 
mension of the deformation space of curves by at least two. Therefore a generic 
genus g immersed curve dual to C develop i5 = g{C) — g nodal singularities. 

When one works in the C°° category and perturbs the almost complex struc- 
tures of the algebraic surface M to a generic one, one expects the pseudo- 
holomorphic maps to develop nodal singularities. Thus both family Seiberg- 
Witten invariant of C — 2 J2i<i<5 Grg(c)_j(C) are objects enumerating 

(5-nodes curve dual to C. 

The fundamental question we have to clarify and answer is, 
Question: Do ^.^^^W^.+j xT(m).^m, xr(M) (1. C-J2l<^<5 and the Ruan- 
Tian version of GWg((7)_5 ((7) "always" enumerate the "number of nodal curves" 
in a totally identical way? 

Certainly there are many important cases that they do enumerate the same 
numbers, e.g. when C is a primitive cohomology class of a K3 or T"*, etc. 

But the general answer of this question is "No" . In the following we offer an 
explanation of the causes. 

1. The Gromov-Witten invariant enumerates the "number of (pseudo)-holomorphic 
maps" instead of immersed curves (viewed as divisors in M). When the co- 
homology class C is primitive, i.e. it is not a multiple of any other element 
in _ff^(M, Z), each holomorphic map determines imiquely a nodal curve and 
vice versa. But when C becomes non-primitive, sometimes there can be mul- 
tiple coverings of holomorphic maps such that the image (without counting 
multiplicity) is dual to , for some m G N. These multiple coverings of 
holomorphic maps contribute to GWg(^c)-5{C) as well. But they do not cor- 
respond to immersed nodal curve dual to C and are mostly ignored by the 
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scheme of family invariant. In general, the object GWg{C) is Q valued, re- 
flecting the orbifold structure of the space M.g,n- On the other hand, either 

j]-^^^*Ms+ixT(M)^MsxT{M){'^' C-2 E^j) Or jr-^^^*Ms+iX {tL}^Ms x{tL}i^' ^~ 

2 X^j<5 Ei) is always integral valued. 

2. In the algebraic category, it is highly non-trivial to make the appropriated 
moduli space of curves defined as the zero locus of a transversal algebraic sec- 
tion. This applies to both family Seiberg-Witten invariant and Gromov-Witten 
invariant. When the moduli space is not transversal, one interprets the invari- 
ants as some types of virtual number counts. Without any transversality re- 
sult, the correspondence between algebraic family Seiberg-Witten invariant and 
Gromov-Witten invariant is not transparent at all. If one decides to work in- 
stead in the symplectic (pseudo-holomorphic) category, it is usually easier to get 
the transversality result of the appropriated moduli spaces by choosing generic 
almost complex striictures tamed by a simplcctic structure on M. On the other 
hand, at this moment it is not clear how to define the "number of nodal singular 
curves" of a general symplectic four-manifold without selecting special classes 
C or almost complex striictures J. In the situation when one can make sure the 
cut down moduli space consists of a finite number pseudo-holomorphic nodal 
singular curves, one has to identify the algebraic family Seiberg Witten invari- 
ant with its topological cousin "Family Seiberg-Witten invariant" and employ 
the technique of Taubes' "SW=Gr" to compare the solutions to family Seiberg- 
Witten equations and the smooth curve resolved from the nodal singular curves 
in M. 

Unluckily the gluing machineries of Taubes in his seminal long papers [Tl], 
[T2] , falls out of the algebraic category. Thus one may desire a purely algebraic 
method to determine the family algebraic Seiberg-Witten invariants or relate 
them with the Gromov-Witten invariant. 

3. In Gottsche's definition, the "number of nodal curves" is defined for L to 
be 5^ — 1— very ample. Under this assumption, there is a well defined integer, 

gotten by counting the discrete number (with multiplicities) of nodal curves. On 
the other hand, when L fails to be 56 — 1— very ample, generally speaking we 

do not expect |AF5WM_,^^x{ti,}H^M5x{ti,}(l> - 2 Ei<5 ^i) to calculate the 
number of nodal curves. In general, we have to subtract all the contributions 
from type // exceptional curves [Liu6] as well. The result is usually manifold 
dependent and involves some generalization of the technique used in this paper. 

One exception is the case that M = K3 or when all the contribu- 
tions from type // exceptional curves are known to vanish due to the fact 
SW{2C) = for any C € H'^{M,Z), M = KB ov M = T^. The details 
about the contribution of the type // curve multiple-coverings will be devel- 
oped in a separated article and we do not elaborate it here. In these cases, the 

numbers J, AF^Wm,^, xr(M)H^M, xt(m) (1> - 2 J2i<5 ^i) are actually equal to 
"the number of nodal singular curves" dual to C, understood as a virtual in- 
tersection number. When C is primitive, this number coincides with the usual 
Gromov-Witten invariant ([BLl], [BL2]). When C is not primitive, the number 
of immersed nodal singular curves dual to C differ from the usual Gromov- 
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Wittcn invariant count as the former does not count the multiple covering maps 
of curves from the fractional multiples of C. This fact can be seen from the 
discrepancy between the Yau-Zaslow formula and Gathman's calculation [Gat] 
of GWg (C) of a 2-multiplc of a primitive class in the KZ lattice. 

In Gathman's calculation, he considers an algebraic K3 surface which is the 
double- covering of ramified along a generic sextic curve. He considers the 
class C, = 5, to be twice of the pull-back of the hyperplane class from and 
the answer he got for GWo{C) was iV5 + g-^2, where J25>o ^sq^ = Yli>o (i-l'-y^^ 
is the generating function of the Yau-Zaslow formula. In his calculation, he 
had used a degenerated complex structure to enumerate curves and the 176256 
rational curves from his (i)., (ii)., and (iii)(b). can be thought to be the degen- 
erations from nodal pseudo-holomorphic rational curves of generic families 
of almost complex structures. On the other hand, the 324 rational curves from 
his (iii).(a). are honest double coverings of primitive rational curves and can 
not be degenerated from immersed pseudo-holomorphic nodal curves. 

This example indicates clearly that Yau-Zaslow conjecture is not about the 
prediction of Gromov-Witten invariant at all. The prediction of Yau-Zaslow 
conjecture coincides with the Gromov-Witten calculation only for the primitive 
classes when the multiple coverings addressed in 1. do not occur. Therefore it is 
dangerous to mix up "the number of nodal rational curves" with "the number 
of holomorphic maps to rational curves" and identify them conceptually. 

Moreover when the class C is not primitive, in Gathman's calculation the 
contributions from the multiple coverings does show up in the correction term 
and it is desirable to find out the relationship between them explicitly. 

In the symplectic category if one can prevent the discrete number of pseudo- 
holomorphic maps with nodal curve images to converge to some multiple cover- 
ing of curves in the most general content (this is not achieved at this moment), 
then a multiple covering formula (presumably determined by certain intersection 
numbers on Mg^n) should allow us to relate the number of nodal singular curves 
dual to C with the numbers GWg (C) and the formula should be of combinatorial 
nature. 

4. When the geometric genus pg is greater than zero. The usual GWg{C) counts 
are mostly zero except for a finite number of classes (direct related to the so- 
called Seiberg-Witten basic classes for Kohler surfaces). Yet AJ^SW* still picks 
up non-trivial contributions. This can be seen by the lower 5 formula calcu- 
lated by Vainsencher/Kleiman&Piene[][]. The reason behind the discrepancy is 
that GWg{C) (like Taubes' version of Gromov-Taubes invariant) are symplectic 
invariants. The algebraic surfaces are Seiberg-Witten simple type that classes 

with positive moduli space dimension have vanishing invariants. 

Algebraically it is reflected in the fact that there is a Pg difference between the 

dimension of the projective space Pg -\ ^ ^ (assuming q{M) = 0) and 

the expected Gromov-Taubes dimension of the curve '^^^ " . 

For a very ample line bundle L such that Km <8) i is ample, this gives a 
trivial rank pg complex obstruction sub- bundle above Ml = \L\, which causes 
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the usual Seiberg-Wittcn invariant of Ci{L) = C and the sub-sequent family 
invariant of C — X]j<„ rriiEi to vanish. 

This is why the hyperwinding families of K3 or had been used to count 
the nodal curves in [Liul]. The algebraic Seiberg-Wittcn invariants and the 
family algebraic Seiberg-Witten invariants are defined such that for such L, they 
remove the trivial rank Pg obstruction bundle from \L\ and shift the expected 
dimension of the moduli space up by pg. This causes the algebraic family 
Seiberg-Witten invariants to be "enumeration invariants" but not the usual 
symplectic invariants under deformation. The way that we realize ASW or 
ATSW* , etc. to be invariants is through a different route: After calculating 
ASW, AF5W or the modified invariants AF5W*, they can be expressed in 
terms of some datum which depend on only the homotopic type of the algebraic 
surface and C. 

5. Another significant difference between the algebraic family Seiberg-Witten in- 
variant of immersed curves and the Gromov-Witten invariant of maps is that (as- 
suming Pg = for simplicity) when the appropriated moduli spaces are transver- 
sal and the dimensions of the compactifying boundary components drop, the 
former object enumerates all the irreducible as well as reducible nodal singular 
curves dual to C while GWg{C) encodes only the irreducible nodal curves dual to 
C. The rough reason is that according to Taubcs, SW{2C — ci(Km)) = Gr{C) 
enumerates the connected as well as disconnected smooth curves dual to C. 
Based on this philosophy that the enumeration of the family invariants of a 
given family should include connected as well as dis-connectcd smooth curves 
within a family, the modified family invariants of the universal families also 
enumerate reducible nodal curves where two curves intersect at normal crossing 
singularities (and the normal crossing singularities get resolved after the blow- 
ing ups). On the other hand, reducible nodal curves with multiple irreducible 
components can not be the pseudo-holomorphic image of irreducible Riemann 
surface. Thus, reducible nodal curves can only be viewed as the images of semi- 
stable maps while the source curve is parametrized by a point in the boundary 
point Aig^n — M.g,n for some pair of {g, n), and is of lower expected dimension. 

This symptom is purely of combinatorial nature and should be cured by 
re-developing the generating series. 
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